
Additional Review Problems 2 , 6-10

-

Po=

More all variables to one side : 0 = -xy + z2+ y z - 1

Set F(x , y, z) : =
- xy + z2 + y z - 1

Fx = y ,
Fy = - x + 2yz ,

Fz = 2z + y2

Fx (1) = - 3
, Fy(p) = - 7 + 2(3)(2) = 5

,
Fz(40) = 4 + 3" = 133

F (4) = 3
,
5

, 137 or any nonzero scalar multiple is

a normal vector to 0 = F(x, y,)

Equation of the tangent plane at Po (7,
3

,2) is

->(x-7) + 5(y- 3) + 13(z - 2) = 0 Or

- >x + 5y + 13z = 20



-

π(x2+yz) = πr2

! ((x ( y) :
- 3 = x = 3

,

0 y = 5 x2] in Cartesian

Sketch of R: a Y
3

I-
R = [ (r, 0) : 0 [E3 ,

OETTY in polar

Iterated integral in polar :

↑ sin( 1) en

U = 9

erusin(r dr = /sin(n) du=Co Cuts a
n = r2

du = 20 dr

du= ~ dr

= - E (cos(+9) - cos(0)] = = ( 1 - 17 = #

fer do= E-



Setup :
4 - /y = 6x - 8

(+ %
The two curves intersect in

the first quadrant
:

Set y = x2 and y = 6x-8 equal :

x
2

= 6x - 8

x
=

- 6x + 8 = 0

(x -2)(x-4) = 0 x = 2 ,
4

Sketch of Ri (4 , 16) I can think of the two curves

I as left/right bounds or

y = 6x-

8= x as lower/upper bounds.

O

If I think of them as lower/upper bounds,

(2
,
4)

1 get R = <(x, y) : 2 x- 4
,

x > Ly 26x-8)
.

So (f(x = f(x,y) dydx

can't ->



↳
BecauseR lives in the

this
phrase tells as

D is bounded below by 7 = 0.

This tells us D is bounded by z = X

D = [(x , y , z) : 2 =x - 4
,

x= 1 y = 6x 0
,

0[z =x]
↳

lower
Upper

! ↑ ↑
dA = Y 6x x d x9) Volume of D is

x-o

upper lower

6x- 8
y = 6x- 8

Inner I I, = x (6x- 0 - x z) = 6x = 8x- x3

x2

x dy = X y
=x

fer
↑

6x = 8x- x 3 dx = 6 -8x↳
= 2(43) - 4(47)- - (2(22) - 4(2)) - ) = 4

Volume of D is 4

b) Volume of D is $1dV = 4 x 0 dzdydx

!2 z = 2 x de
*

x dy
=

6x = 8x- x3

x2

outer [x =0x-x3 dx = ↑
same as in part (a) Con't->



Average value of flx,y) over the region R is

or (dA
Area of R is $1 dA =Y x dy ex

her 16x1 dy = y

Y

:6xI = 6X- 8 - x2

*ter 14 6x- 0 - x dx = 6 0x -= I

= 3(47) -8(4) - 1 - (3(2) - 0(2)- -3) = *
3

Area of R is

# f(x) &A for f(x ,y) = X is X dA = 4
.

Wee

computed this in part (a).

So ( da =
- 4 = 3 is the

(3)

average value of f(x,y) = X over Ro end of Q7



Call this DI

Sketch D1 :

the paraboloid = = x2+ y 2 is & z = - (x2+ yz) is

4
=

· Y origin
x

_
/origin *

-

I

.....
-

the paraboloid = = 16-(x2+ yn) is

Carlos
-- =

y-<
X

Z

&

sketch of the solid D
, is

-

(0
, 016)

-

-
- Y<4

X

-

-D1 = all points below z = 16-x2-ye and above the xy-plane (z=0

The intersection of =16-x2-yr
and =0 is a circle C

-

centered at the origin .
To find this circle C

,
see

= 16-x yz
and z= 0 equal : 0 = 16-x2-y2

x +yz = 4
2 or V= 4 (circle with radius 4)

So D e
is bounded below by the disk R= &(E) : 04 ,

002T)

(in the xy-plane
and D1 is bounded above by the surface

= = 16 - (x2+ yz) or z = 16 - r2

Con't ->



↳, = E( (z) : ,
O,#

4 ↑

disk R1 xy-plane paraboloid

Call this DI

I

De is the surfaceOr

u = 2
i

Carlos
I --- -Cutting Cylinder D2 through solid (I

< ↑
Y-

-

4
X

we get D = E( (z):4 ,
0,0

4 ↑

washer R xy-plane paraboloid
& Y

R

2 > x R= [(rt) : 2 = = 4
,
00[2π]

=
extra

Volume of D= r2-0
= art det

↑
-

her 160-rdr = 16 (4) - E -(0(27) - E)

fer 1
*

36dE = 36 (2) = 72π is the volume of D.

endQ



n Z

Sketch of the Sphere x 2 + y : + =
= = 20 :

........
-3

X!
↳ of the Upl hemisphere

:

+, 0
,

140>er

-- radius of

z = (20 - (x2 + yz) where
Sphere is t

In cylindrical
Coordinates :

-

z = 120 - r2

1 -
- -y
-

Sketch of the paraboloid = = x + y :

In cylindrical coordinates
: z = r2

X↓
>Y

Find the curve C where these two surfaces intersect :

-

Set v2 = /20-r2

r4 = 20 - r3

r4 + r
=

- 20
= 0

(v) +5)(r - 4) = 0

v2 = 5 or
2

= 4

and = 4

This is the

(not possible) v = 2 equation for C

So the intersection C is the circle centered at 10. 0
,
4)

with radius 2 , living in the plane
= 4 :

Z
C

·

-
10 ,

0
, 4)

I · (2
,

0
, 4)

->Y

↑ con't - >



So the solid bounded by the
upper hemisphere z = [02

and the paraboloid Z = U2 is

[(ra , z) : 2
,
00,
z

Y

disk centered at the origin I > X

with radius 2
,

in the xy-plane

Since our solid D is in the first (positive octant) ,

we require x and y to be nonnegative ,

so

D = ((0 , z) : 2
,

old z]
disk centered at the origin

with radius 2
,

in the xy-plane , first guadrant

*

I 2 50 -12
2Volume ofD is dw = 6 ranzer de

end of Q9



Sketch D :

ball of radius 3 centered at the origin : p
......

->-
[(X , y , z) : x+ yz + zz 1323 Or X/ 3

Y

((p
,
4

,
0) : 0 = 9 [3 ,

0142π,
0 = 0 = 2π]

no qui Ineta

& is the angle between the positive traxis and the line

from the origin to a point :

Since D is the top half of
the ball ,

we need to restrict

4 to be between 0 and
p2 since

so D = <(1
,
4

,
0) : 0 = P [3 ,

014 ,
0 = 0 = 23. extra

↓
Volume of D is () dV=see sincedoa

Inner ? &p= 0 s

ddle since du = -9 cosl = -9 (cos - 2000) =
- 9 (1)=

ter
*

9 d = 9 (2π) = 18 H is the volume of D
.

con't - >



C
the distance of a point P(p,

0, 0) from the origin
is A

(by definition) .

So let f (0, 4 , 6) : = ↑.

Average distance of points
in D from the origin

is average
value of our function - (4,)= P over D

I
which is

Volumeof (f(9 , 0) dV

In the previous page ,
volume of D was found to be 18

.

p2 since

extra

2π

3
↓

Nows compute (S/0dV=/go P dp since de do

D
inner

Inner dp =4: g=4

81Middle since du = - coscel - ((os
- 2000) =

-7( 1)=

er = (2) = H : So
2

Volumeof $ (4 ,0 V= = E i

the average distance of points in D from the origin .

end of Q10


