
 
Sec 4 2 Kernels

Pro12 A gp horn f G Gz is injective iff kerf e
i

snow kernel of f isIf Suppose f is injective ie fCatfcb a b the trivia
Let a C Ker fi bE G f b ez Subgroup

Then f a ez by def of kerf
fCei by prop1 part 1 previous section

Since f is injective a er
So Ker f E ed
But kerf is a group by Prop1 part4
so e c Ker f so kerf e

suppose kerf en
ISuppose a bE Gz s t fCalefcb

Then f a bD f a f b since f is a gphorn
f a fcbJ by Prop 1 part2f a fcaJ by
ezThus a b E Ker f fer

Then a b e by assumption1
Hence a b
So f is injectiveD

Determineanpossiblehoms f Zz Z

Byprop 1 parta thekernel off must be
a subgroup of 127
There are only two subgroups ofZz

and because Lg Zzfora g E J E
yProp i part3 the image of a subgroup of xp
mustbe a subgroup of 212
if KerG 63 then f is injectivebusprerprop

so f Zz hasorder7

Ys KerCf Zz
Theonlypossiblehornzz zz is thezeromapfcakotaeza



92 f GL CR R defined by f A detCA
2 2 matrix nonzero real s Note f is a gphornwith det ul multp
nonzero as binary because
wyproduct operationas binaryoperation
Id too

Id I

Ker f SgLnn2pClRof7uzmatricesDi detdbdf 9di bi4
iw1det1

Dz_detff g azdz bis

DDz aidazdz qdibzczazdzbicitbibzciczABaiaztb.cz aibzbidz
a2d.cz cbatdid

DetAB
41924bztadztbtbiczdidgciazaibzciazbidztdiczaibztdiqb.dz

detCA Det B

E.g3G
group d GE G

Let f Z G group horn defined
by f n gn
Gisele order of g is infinite

That is gk f e V K E Z

Since f z GG gje.g.g g
cyclic subgroup generated by gKer f o

Casey order of g is finite Say K
Then gk e and if o kick then 8k e

integerThen Ker f all multiplesof K
K Z



ProPI If f G Gz is a group homomorphism

then KerCf A Gi
We will show that g kg E Ker f t gE G KE KerCf

Let K E Ker f ge Gi
Then f gkgD f g FCK 1cg since f is gp hour

f g fck fCgJ by Prop 1
f g effgy 1 since KE KerCf
ez

gkg E Ker f D
DIG OBSERVATION Given any gphom f Gl 62

we can always form the quotient group Gilker f
Recall GIH left sets of H XH Ix E G

Gat is a group Tff H is normal
Eg 4 0 Dc
Define r f

by
f rt rt rt go Ig

f 1
Then all rotations are sent to 1 since rk k 1k p

all reflections are sent to 1 since rkf Crk f
So Ker O all rotations 1 y

y
Visualize the quotient Dykercop using the multp table
e r r'r3 frfr'fff

e potations compare 1 I

f rk flips withe 1
r3 rkf table
f fr Cz
rt flips potations
Ff gkf fk
r't



Optional for FTH ij k jk i ki

jveftijp.athfYip2 onta1ji k kj i ikjE.g5 Define f Qg Vy e v hirfrotation
by i v

j h

f a e ffl f i7 Hi fi v ee

f k _f ij _fCi1fg vh r fCD fC1 fck er r

ffi ffi fCi ev v f Gj ft fCj eh h

Ker f 1 I use thevisual quotient concept
ik ik to collapse Cosets into

1 i i i single nodes
k i

j k I K M M

JT k jk Kkk IK kk
toget the
Cayley diagram for Q

Compare w the
e v

Cayleydiagram f f
for Vy h r

Note Im f Vg and

Q8 KerCf looks just like Vy

Domainf I Im fIngeneral KerCf

by KerCf


