
 Sec 3.7 Conjugacy classes con't w the theme of
normal subgroup
cosets

Recall Sec3.3 Normal subgroups
For a fixed g EG the set gHg ghg h c H
is called the conjugate ofH_ buggy
and it's a subgroup

H is normat Tff GHg It for all GE G
Today instead of fixing H L G

def subgroup
we can fix EG

and define Clark g g l I g e G the conjugacy class
of X

ye G I I g E G with y gig
I e an ett of G lives in Clg iff

it can be written as g g for some SEG

cede geg l g c G e
e

If X E G commutes w every elf in G then gig gg x x

so clg x x

Iet we say x ye G are ate x is a conjugate of y
if I g E G Et g x g y

Propel The above relation in an equivalence relation
It Reflexive X ex e 1 so x is a conjugate of itself
Symmetric If X is a conjugate of y x gy g for somegtG

then Xg gy so g xg y meaning y is a conjugateofx
Transitive If x gyg for some g c G and

exercise
y hzh 1 for some h cG

then X gh z h g I

gh z gh t
This relationpartitions G into equivalence classesconjugacyclasses



Rey tf G is abelian every conjugacy class is of the form ClGCx x

perf rf Irr 7

L Lr2
EI Compute the conjugacy classes of D4 e r r r f rf rf rsf
Clp Cr r r

Computation onlyneed to check grg for g that doesn't commute w r

fr f P rf r rf er f r raf l P 7 r rsf r

ClpCf f r2f f

The EHS that commutewith f are ref tooorot r e f
don't need tocheck gf g for those g

Check that rf r t r'f
r3f r r2f partitionofDaby
f fCrf 1 r2f

its conjugacyclasses

r'f fCry ref rez IfIFI
Clp rf rf if

Pro12Every normal subgroup is the union of a collection ofconjugacy classes
1e if NOG and XEN then Clg x C N

PIsuppose NG G Let E N Then g g EN for all gc G finceNOG
Thus Clg x gxg l gEG CN



Prop3 Conjugate elements havethesame order i e
tf Irl n then Igxg I n for all g EG

Pf let gEGLetHl n Thismeans n is thesmallest pos integer set e

Then g gD gxgDCgxgY.tgxgD gxng i.ge g i e

This means 1 1 Z l gxg
If gxgil m then m gxmgt cgxgYCgxgD.ua gig e

Therefore 1 1119 54
Defy for p e Sn the cycletypee of r is

a list Cy Cz Cn Where Ci is the number of
cycles of length i in F

c Cc CsCaCsCooCz GCgEI I8 5 23 4967 has cycle type 1 2 1 o o o o o
184234967 has cycletype o o co o o o o I

e G 2 s 4 G 6 7 8 q n 9 o o o o o

LemmaICHW3 For any 8 E Sn
r Ca az ae 8 CHADKaz rae

This means that every K cycle is conjugate to any other Kcycle
56

g x iz y 14 are both 2 cycles so they must beconjugate
Find TE S6 S t iz 8 44

checkwe need a 1 and 847 1
9 2 gq 4

OR 1 4 8 Ch r
867 1 Izzy iz 4321 14Let 047 4 So f 4151

Iii i

PCs 5 5155
861 6 6176

8 14321 5 6 8 1234 5 6



Thm5_X y e Sn are conjugate iff they havethe samecycletype
Proof
T
suppose X Ca az 9k b bz be
and suppose 8IX o y
Then byLemma4 y Coca Kaz FCakD FCK Nba Cbt
So y has the same cycletype as

i
Suppose x Ca az are Cbbz be
and y Caiai aid Cbibz bi

have the same cycle type
To show that they are conjugate let
8 a ta then 5 alta
az Az 92 t azi
a 9k air a'kb t bi b t bb bi ii

bt bt
i

Then g x r ai ai ajmn.ae bin bird bi
I

D
s We can conjugate elts this Sec 3.7
or n subgroups Sec 3 3 Normal subgroups

Conjugating clts defines an equivalence class on G
The equivalence classes are called conjugacy classes
they look like clg x gig l g EG

Conjugate elts have the same order
the same structure

i e z minutesAn ect 2 c G has a unique conjugate iff 2 E Z G w everyg EG
O



Conjugating subgroups an equivalence class on the
set of subgroups of G
The equivalence classes haveno namelnotation
they look like XHx I XE G

this is called a conjugate subgroup to H
Conjugate subgroups are isomorphic
A subgroup N G has a unique conjugate iff NO G

will learn more about this later
Partition the setE g Qq Li j k I 1252 K TjK i of subgroups into
conjugacy equivalence

Q8 Subgroup lattice classes

4th
i j k k 1 k i

at yy normal because 1,1commute 4 all ects

1
in fact Z Qe I 13

1 because gNg N VgEG if NOG

E g order 12Dick La b a4 b3 f babe a

Diaz
or 1 as

a'b I a b a barb
a I a a a3
ba I bababa bababa

b'a i.ba b'alia babab'a
Lab I b b

47


