
 
Sec 2 2nd Isomorphism Thm Diamond Isomorphism Thm

statement Let H L G N OG Then

C HNidf hn theHHEN is a subgroup of G

Ci H hN is a normal subgroup of H
Ciii The quotient group HNµ is isomorphic to the quotient group HAHNN

diamond lattice G

y
HN

H Nnormal inHN
HAN
normalinH

Strategy of proof Define a surjectivemap
domain codomain
H HW by
h 1 4 hN

and apply 1st Isomorphism Thin

1 Prove that i HN is a subgroup of G
Weneed to show that ee HNForall him han eHN we have hanhan EHN

Fora h n eHN Chu EHN
SinceHandN are subgroups of G theybothcontain the identity e It so e e HN
Suppose him hanz E HN Then

h n hand h hzhI n haha
new

h h I h h na

E HN because hi n h E N since N G G
Suppose hn EHN Then the inverse of hn is ri h t
To show that ri ti E HN note that

it h t h h n h
new

hCh ri hD
E HN because hn h E N since NO G D



2 Prove that Ci the intersection HnN f H
weneed to show that ti n h E HAN forall HEH heHAN

Let heH and ne HnN
Then ti n h E H since hi n h EH andH is a group
Also ti n h E N since N is normal in G
Hence ti n he HAN

3 Prove that H HNIN is a homomorphism
h hN

we need to show that ab a f b
Recall from def of quotientgroups that aN BN ably

ab ab N
aN BN by def of binary operation of

a quotient group
of a 0 b

4 Prove that H HMM h hN is surjective
we need to showthat for any N E HY thereis heH with h N

Note that any coset in the codomain HNA can be written

as hnN where heH ne N
but hnN hN so h LN hnN

5 Prove that Ker O H n N
we need to show that n N since N is the identity in the

quotient group HNINfor all n E HnN
and x 4N if x HAN

n nN N for all n E HAN
Suppose XE Hu and X N

domain of
Then x N N since we know that twodistinct left cosets

are disjoint 15J



6 By the 1st Isomorphism Thun

erc I 1m10

Since Ker f H n N and lm HMM
we have Hfm I HYN


