
Ch 8 External direct products
New groups from old

Direct product of groups G and H is

a new group w

set GxH g h g EG he
Cartesian product

binary operation g h g h 94g h h

Identity EG Ca

Inverse of g h is g 4 1

Ex Write the Cayley table for 22 23
0,0 0,1 0,2

1,0 C1 D 4,2

0101011192 101 1 12

0,0 10101 0,1 0,2 110 till 112

0,1 10,11 0,2 0,0 1,1 112 110

0,2 0,2 0,0 0,1 1,2 1,0 1,1

1101 1101 1,1 112 0,0 0,1 012

111 1112 11,01 10,1 012 or

112 112 110 111 0,2 0,0 0,1

C



Cayley diagrams of direct products
Let A B be groups and let ea eB denote the identities ofA B respectively

Given a Cayley diagram of group A w generators 91,92 9k and

a Cayley diagram of group B w generators be ba be
we can construct a Cayley diagram for direct product AxB
Vertices a b for each aeA be B

often arranged in a rectangulargrid
Generators Can B CareB and ea.br Ceabe

Ex Cayley diagram for Is with generator 1 FYI
2

Cayley diagram for 22 with generator 1 0 1

Cayley diagram for 23 22 w generators 0,1 and 1,0

No one

1,01

I
Prof If H A and K B then HxK is a subgroup of AxB

Ex 2 x 03 is a subgroup of 23 22

0,2 4 0,3 is a subgroup of 26 26



Exercise Draw the Cayley diagram for
23 22 using lid

24 22 using S 1,0 0,1
Can you find an elf a sit 24 22 a

pg158 Them 8 1 Order of an elt in a direct product
Irem If Ga Ga Gn are finite groups
then the order of ga ga gn E G Gax Gn is

dam 911 1921 gal
Proof for n 2

Let en ez denote the identities of G Gz respectively

Let s lcm 1911,1gal t 91,9271

Then 1911925
9,114,1 11 by def ofa pduct

en ez since s is a multiple
of 1g and of 1921

This shows

Iq
s

To show the other inequality
note that gt 92T 91 ga

t
by def of direct

product

en ez since t 91,92

So get e and get ez

So t is a multiple of 1911 and of 1921
So 1cm 19.1 1921 t



HE many elts of order 5 are there in 225 25
Sol By Thm 8 1 a b 225 25 has order 5

iff Icm lal bl
So Let a 5 and b 1 or 5

or cases 191 1 and b 5

cast 191 5 5 10,15 20 four possibilities
1b lors all elts of 25 five possibilities

Casey 191 1 only the identity one possibility
161 5 all elts of 25 except for 0

four possibilities
So 225 25 has 20 4 24 elts of order 5

Finite finitely generated abelian groups
Note 26 23 22 but 28 22 24

or 22 22 22

39
because Zs has
an ett of order 8 the number 1

3 but every ett in

22 29 22

satisfies 0

Thm 8.2 Criterion for GxH to be cyclic pg 159

Im In is cyclic iff m and n are relatively prime
proof below



Prove backward direction

If god n m 1 then EnmtZnxZm

Suppose gcd n m 1

1,1 ZnxZm has order nm

Let k be the order of 1,1 ZnxZm
Then heh kik o

This means n divides k and m divides k
So k Icm n m

But since gcd nom 1 1cm n m nm

Since we know from def of direct products that
the order of ZnxZm is nm

1,1 must generate Zn Em

So ZnxZm is a cyclic group of order nm

thus it is isomorphic to 2mm



Prove forward direction
If Znm ZnxZm then gcd n m 1

Pf Suppose Znm EZnxZm
Then Znx 2m has an elt a b of order nm
Since It 2mm has order nm

For convenience switch to multiplicative notation

Let Cn denote a cyclic group of order n and
let cm denote a cycli group of order m

Let e and ez denote the identities of Cn and Cm resp

EEG andanabter 255h
that

Then an e and if 0 5 n then a5 e

b ez and if j m then bite
Then the order of a b must be the smallest

multiple of n and of m 1cm n m

Since a b has order nm from
1cm n m nm So the greatest common

divisor of n and m is 1



ftp.t damentaofFiniteAbelianGroups

Every finite abelian group A is isomorphic to
a direct product of cyclic groups I e

A Zn Zn Eng
where each n is a prime power
i e n p

di where Pi is prime die Zyo

Up to isomorphism there are 6 abelian groups
of order 200 23 52

By Prime poser 2 2 5.5 By divisors ApplyingThm 8 2

2200 28 225 222 155 2200
by

Thm8 2 22 29 225 2 22 55 2100 22

22 22 22 225 2 2 2 55 250 22 22

24025 28 25 2 222 5 5 240 25

22 24 25 25 2 22 5 5 220 210

22 22 22 25 2 2142 5 5 210 210 22

Classification of finitely generated abelian group
Every finitely generated abelian group A is

isomorphic to a great product of ya groups ie

A 24K En 2n X Eng

Nonabelian
groups are much more mysterious
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