7>Wﬂ T oand ¥ A bt rmct A(addom Notes

Cﬁfjuﬂa‘&e s "-F an element of a Q\rou?

Eﬂ We say x,Ye G are confugate Tn & if 3><@"' =y —Qr Come. ge &
The element ﬁxa" s Called a Confugate of x
E"_ﬁ . Two Conjugate elts have the Came order ¢ Overleaf 1
i C""j“f{“{f S an t:%um/a’ej\ae_ velation on G .
&vzruﬁac% clace 07C X s [gxfl Po9¢€ G?

Lovjugates =f o  Sukgreup (o{ a Qmu?)

hr_ H:Héérmnol ﬂéé-)—ﬂ]e, Set
= D‘i{: { ~ . H}
gHg' = Lahg © he
Called a Conjuﬁor{;t’_ of H

s a QU\bﬂrOMF.

Def < We 3“‘% +wo SubﬂrouFS H)K of G are c::n['ugatﬁ in G
I_F Q—Hg_{;K -'l;f Some f]é 6—.

medlh‘a is rcqow’ch, not just iSornorphism

R’oi This rvelation s an e_abu?\mle_mce, Yelation on

“\'(/\c set °-P g“barOVLTS of &



&Vjuﬂaﬁes o-F a SmbjrouF é{ o Q\rccu€>

M: ll" Dn) we L‘QV& 1

R'=td ad LRF=R
Ex b De, (48 = K'f)
CERY f s FLU R RN

< [ F o, rf R ORYY

[ 14, R, . r]

1l

= LRy
CRGYE s R T pIR
- Ru RS
= L1 RS
= L ey
- 4R
|
Pf s e flp |
[

dhen FRis e Flp [ — 1




Cn 1 Fark T Nov mMa | Subﬂfou%S

:DC]C [ et G be a a,rou? and H éG— a Suka,rou:F.

We Sag’ H is noremal (’F

—(:,r x| 36 &

(f,c, if all lef£ and fratﬁn'- CoSets are the .Same)

Notation: H<|G ov HQG’

Rcm IF G s abe/[farl) '(:he,vr\ any. Sufoa,rouF is now v | .
Ex If H<G with [GH]=2 | +hen HAG. S

X An ic aormal n S, (lm[\f of S, oare even) L\nl\a are oclcQB

£ o= {1 R, RS- R ] s woveal 0 D,
-
\r\o\l{; +he elements ™ D,
E—)_(_ From O/ef({;a{ HM}) H= <@fa>>—‘ {u} &L)] s n__o-/— mrwa[ n SM ‘IC;r n> 3,
4407y = LoD, 2] Lut LGy (09 ={aD, GO}



(Sharted bere Day ¥)

(Recall )
Lermmna The -Fof(o.,s‘u-ﬂ ace. e%(AT\/alCJ’Tt (TFAE> B

© gH=Hg Lor ol ge & (ie HQG_>

“all le]C-{— Coseks are raht cosets”

@ 4hg'eH for all g€ G and heH

"H is closed under Cov‘j"‘ﬂ"“("fo""f

@ %Htj—lsH 'fo(' 01” %éG—

"H heas onh& one wﬂj“ﬂﬂ% Su(oﬂ\(“ouF) ('+_<e,[_’/_“”

% Ba the Same Vea&on'mﬂ as ”‘“«a, above fMMF[t; —‘Qr béh
the subgroup H= 0201 6) of Do (nye)

doesnt Sa-{—FS\C%_ Condition @ For e_xam‘ﬂe)

REvE = {1, eept]
7 LFY becouse RPE = fRE = LRE= LR 20
go)bg_ “Fhe |e.mw\q) <—F>: i< ";'l' nov e ( n bm.

(@ecaﬂ )

Recall  Lemna ’(';r (osets :
ac bH l\C£ aH =LH




Q? U)hé normal Subaroqu 2
Notation: |]C H is 4 S“f”g“’“ib of él) then

&4 ﬁfzfgL;;?e &

ic the set of left cosets of H in &

A: It allows us +e notion of inferaal direct ]br‘ao!uc—"t
R e G e e g st

(XH) (lg H>= O<y) H
Warn?rgf [n Gel/le,fo‘/) “{'(/u's s wot we(l—oa&-[/:?nec/,
B G=Py, H: LD

We want

(Qﬁouea\ here bﬂ‘@ ¥>

cince pYze . Dy

(Rt (REH) - &*ch L-H
But RH= Rf H <ince
= fe, £ 1= LR RE]
RH={e £} = [RE, R

So GOCRe) = (e H) ()
= RERH

—l 3

=fRRH

= LR H
put = ferfe, £1= [oes 2t
S ARH#H,

[n abeve c;éamf(c) +he Ffaa@u_c{: Cx/—f}(gﬁ‘) AE}rQnoLS on

~e Choice D'F Coset r‘&?re,sen’i“a—{-i\/&g [)( and g),

15 ut VID{M&T[;“F% _pxe_s His Teswe.



“Thm et & be a group md N &
Crlﬂrlv’éqll?i>@ CDSU{: MM""?-F\[@-H’Dn in &/\/ :[COSe-éS ,_F N in G‘?
20
; £ Gux N — SN

(xN ) %N> — (xu(f) N
i actualy a fanction weite (xN)- (gA)

(’Hf\a‘[' fS) the de;anH-?on o-F CoSet- MMI—H?lv'Ca‘f'for) OLQ.PQV‘AS
on onllér ‘e cosets and ot on the Coset reFresenta{ives.)

@ G'/N s a 8“’“? undexr the bTﬂar% OFQX‘at-bfor\ given above
[
(L&?\o\ ”6’ moc\ '\I”
called ~Ehe 9 uotient grvoup or —+the _.lpaa-{-o( 3(-001433 D_F & ‘OL& /\/ .
T T A t .

Trof @ Let xN, yN € G be cosets.
Suﬂmse xN=aN and ﬂN: bLN.
(We weed o shos (NN )= <gN= abN = (an) (V)

Then a4 € xN and beyN.

SO az xn, and .1>=é7n2 %,r Come MmN, € N.

He,mcc a‘o = xwl% Ny

sX%V\;”L —Fa( Spome VI;éN) LTnce ﬂ,ljé NU:UN
¢ Xy N due to N loejg, nornna |

’rhc(oﬁre_ ab N = Xy N
O

@ Tare 1 Helle us  the Io?fwufj o‘rcm‘ﬁon s well-defy (e d
(ASSOCTH’TVHQ:> ((xN)((jN)) (z(\/):ég N)(z{\}): Xyz N

[xN}(CgI\D(zN% =C><N>(3ZN>=XQZN
([Oicm{»’r‘/cé,) e,N=N is the Tolen-&H:«g,

’Iﬂversc> < N is Fhe inverse O-F ><N)

STnce &N>()((N>: xxX "N=eN=N ]



T(ne/ %mo—#?e_n—ﬁ C’—F Z lOté 4‘Z

Ex Lt 62, N=4Z = [4r:€e2ZF  Toen Nd &
(EX to Th otien ou ° Z b 4z Z

P uetient grevp of f >, Tz,
consTsts  of  —khe —Fa((owvna&_ —-(:;vnr CoSets :

0+4Z =4Z = {048 ) e tentity i %
1 +4z =[1+4kkez] = T -5 05,7, 3
2+ 4z = |2+ 4k kez] = [ ... r2,256,l0,..}
e 4= [3rdkiez )= f o S1,aE, 0L )

Note ~tbat 14'4’2 has  order 4 :

(1+42) + (1+42) = 2t42 #* 42

[[\lo‘t’af No elt can lave ordec 2 because of Cﬁg(m«aefg Thm)

(14—42)4— (l+42)+ (1t42) + (1+42) = 4+ 42 = 42

§o <[ +4Z>: 2/4_2 )m.ol —+thus %ZZ T a Cf{C{'-Cj“’WF u-]’:\ ocdec 4,4
/((nc'.m—(%(a 2/42 e fSomeFlarc t- 24,



/([/lt %{AO%T@,V“’E D-F Z—é ELa, {O) 2)4(}

Ex

—_—

Consider the group G = Zg and its normal subgroup H = (2) = {0, 2,4}“:—23

Collapse cosets
into single nodes

There are two (left) cosets: H = {0,2,4} and 1+ H = {1,3,5}.
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Example 9.24 The group U(8) is the internal direct product of

Ex o I

H=1{1,3} and K ={1,5}.
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Example 9.25 The dihedral group Dg is an internal direct product of its two subgroups
H = {id,7*} and K = {id,r* %, s,r%s,r1s}.
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SOLUTIONS TO QUESTION 4 PART (1)

True.

First, let’s find all elements of H = ((12),(345)) by drawing its Cayley diagram using the generating set
{(12), (345)}. By definition, H is the set of all products of (12), (345), and their inverses.

Below is the Cayley graph for H with S = {(12), (345)} as the generating set. Each solid arrow has label
(345). Each dotted (blue) edge has label (12).

(2)(583]  [12)(343)

o

We found that H = {Id, (12)(345), (543), (12), (345), (12)(543) }, which is equal to
{Id,c,c,c? c3, ¢4, c®}, where ¢ = (12)(345).
So H is a cyclic group of order 6. Every cyclic group of order n is isomorphic to Zj, so H is isomorphic
to Zg (meaning there exists an isomorphism between H and Zg).
We will now explicitly define an isomorphism from Zg to H. Let f : Zg — H be defined by

flz) =c"

Below is the Cayley graph for H with ¢ = (12)(345) as the generator (so here the generating set S is the
singleton set {c}). Each solid (red) arrow is labeled by ¢ = (12)(345).

(12)(543)]  [(12)(345)
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