
Motivation Lagrange's Thm order of a subgroup
divides the order of the group

Ch 7 Cosets Lagrange's Thm

I Properties of cosets

warm up Given a subgroup H of a group
we can define an equivalence relation 2 on G

as follows
Yy iff x ̅ y e H

L stands for left

EI If H e then y iff x y e iff x y

so each equivalence class has exactly one elt

If H G then y for all x y e G

so there is exactly one equivalence class and

it contains all elts of G

In general for a subgroup H what are the equivalence

classes corresponding to this equivalence relation

Answer Given ge G the class g n containing g is

g y
xe G gr

EG j'xeH



xe G I'x h for some heh

EG x gh for some heh

A natural way to denote this equivalence class is gH

Def Let G be a group H a subgroup 9 G

The left coset of H in G containing g
or with representative g is

gH gh nett

Similarly the right coset of H containing g is

Hg hg heh Given a set S let 1st
denote the number of elts in S

Note If G is abelian gH Hg
Thm Let G be a group H a subgroup

The left cosets of H in G partition G

Pf The left cosets are equivalence classes for T

gH 932

Note ett H is the only coset which is a group

EI G 53 12 Id 12

Left cosets of H in G

1 H e 12 ett Got H
2 13 is ÉÉs 123h 13H

3 23 H 23 45 132 H 3 H



Right cosets of H in G different
I H e 12 eH GOH H
2 H 13 13 1327 H 132 43

3 H 23 23 123 HC 23 63

EI G S K 4423 e 123 1327 As everyperegutations

Left cosets of K in G

I K 123 132 123 K 132 k e 423 132

2 427K 9271,2 3
23 K 137K 12 23 43

Right cosets of K in G the same

1 K 123 132 K 123 K 132
e 423 132

12 23 13
2 Kaz 12 23 13 K 23 K 13

Ex G Z H 42 4k KEZ

Left also right cosets of H in G

1 42 8 4 0 4 8 All integers
appear in

2 1 42 7 3 1 59 my infinite
3 2 42 6 2 2 6 10 array

4 3 421 5 1 3 7 11



Lemma Properties ofcosets

Let G be a group H a subgroup and a b E G

Then the following conditions are equivalent

1 alt bit

2 Ha H5

3 alt C bH

4 b E a lt

5 a be

Proof We prove 1 implies 2

Suppose at bH

First we will show Ha C H5

Let E Ha Goal show 5

Since alt bit we have a at bhb for some hbett
Then had for some hath since Ha

ha his 5 since a bh

Chahi 5

E H 5 since ha hj E H
So Ha CHD

Exercise prove that H5 cha to finish
the proof that I implies 2



1 implies 3 by definition

We
prove that

3 implies 1

Suppose alt C bH we need to show bit Calt

Let xebH Goal show Eat

Since alt C bit we have a de bh for some helt
so ahi b

Then bh for some haett since bH

ahi ha since b ahi

a hi'hz
alt since hi he EH

We prove that 5 implies 4
a bett beatt

Suppose a b E H

Then a b h for some hett

So b ah implying be alt

Exercise prove the rest



EI G IR ectors E x y z ER Ex on pg 141

is an additive group under vector addition

Let H be a plane through the origin
ex H 2x sy 42 0

Then the coset E H is E 2 3 42 0

the plant that passes through and parallel to H

So the cosets of H partition R into planes

parallel to It

In linear algebra It is called a subspace of IRS

and the cosets 9 H are called affine spaces

Pg 139



II Lagrange's Theorem consequences

Def Let G be a group H a subgroup
The Index of H in G denoted G H

is the number of left cosets of H in G

7Th number of left cosets of H in G is the same as

the number of right cosets of H in G

So G H is also the number of right cosets of H in G

Proof
Define a map f left cosets right cosets

by f gH Hg
and we'll prove that it's a bijection

We need to check that this map is well defined

that is we need to check that

g H 92ft implies f gH f q2H

By Lemma if g H 92ft then Hg Hg so f g f fgzH

To show that f is injective suppose f g H f g2H
Then Hgi Hgi By Lemma we have gatt gatt

The map is surjective since f gtt Hg



Prop Book pg 139 property 7

Let G be a group H a subgroup gE 6 Then IgH 1H

Proof
Define a map f H gH

by f h gh
and we'll prove that it's a bijection

To show that f is injective suppose f h f hz
Then gh ghz Multiplying by g on the left

gives us hi hz

The map is surjective since every elt of 9H

is of the form gh for some heft and gh f h

By a similar argument prove Hg HI

Thm Lagrange's Theorem Them 7.1 pg 142

Let G be a finite group H a subgroup

Then
191 G H

In particular 1H divides G1

Pf The group G is partitioned into G H

distinct left cosets Each left coset has H

elts Hence IG1 G H H



Cor Corollary 2 on pg 143
Let G be a finite ge G Then Igl divides Gl
Proof Exercise

Cor Corollary 3 on pg 143

If IG p is prime then Every group of
1 G is cyclic prime order

2
any non identity ge G is a generator

is 9 c

P
Since p 2 there is some non identity ge G

Then 191 divides p by above Cor 1

Since g e 19141 so 1g p

Therefore g has order p so g G

Cor If K H G

K is a subgroup of H and H is a subgroup of G

then G K G H H K

Proof G k 1
1

1
1.111 GH H K




