Abstract Algebra Notes Day 4  Tue , %p 20 2025

Day 2 et
9 es)

Eﬁ(COT‘;e) «me \,DV%O 2 V\O'L”,&S) £ R
The Cﬂljl(’,nj c{[’a@mm 1Cv\f Zé 7 ﬂen&ra+7nﬂ cet S: {3)4}

Generotors & &\‘j[e‘\‘j J('itj{'mms Yort T

—
3 e O The Somc geaph 7 O
L (earfa((\?eoQ: .
b 3
1 eeeeee L\a /\ &
Lol S,
5 oooooo Z l‘_\{ .4‘
9{ Cag(ej o“éjmm -@r r€c+¢ﬂc]1e ~reftress SI(AOM,F__H
“/ genecating Set S= £H) R} : ] |
R~V

(42) weeee €< The Soame Jraph [lz.z>
(N o e

(_] }) ...... C}j;) /\ &
| L A< (3)

(Z;) ...... Cl 32) . .——ﬂ.'o oy

(2)7 (DEDCD = LHUDEY

(123) | \10323 23012

(]1)1\ . /;(23)

~
t



NO{;(’_ A Caﬂ[&j Jfaﬂrmm cCan b& IASeoQ as a ”\ﬁrOUF lecu[a+0fll_
Ctard at &, fhen chase e Sequence ‘Hnrou%(q “+he. Cﬂndle\cj Aeph.

EX et is RRLRRERS  eqpal 407 Ang (122)
Whet s RR L RP\RF\{K’ eqpal to? Ans-e

Fact To check Hut a grour G & abelian, it guﬁf{‘Ces
to Check tHut ab=ba (j—or all ﬁe,m@fm‘ofs of . C(/\/L‘j .7>

o > o
@Thp/ \>m“Herr, ../ never qﬁbcar_s Tn 4#:; Cﬂj/fy

'J._\>‘ jfﬂrh 0~F/ an g‘fo(v/{!-ﬂn jro"’f
a_77"b

@ /(’fﬁc, ‘rm“{"(’&r n ,ﬂ ;‘ “k(’/”g us a ]9 = bg
‘OJ. i

E)( IZG and e fec—(—amalc —~attress Srouf are abelian,

7. ..... ) ”
o . doesrt appea
d T”’+ ern - 0eS N Fr
o (s ig ot abelian 5 and TWHC)I{) ,;\) does QFFMW

in Botln Calj(aj Jij(mmg W/ g:{(la)) CI?_SBE
ord S/ Ss{(lz))(a}}

o £ xecaise’ Deaw Fhe Cﬂ&lej o(fa\py"avw «@v

* D4, M&ina C= {R,-F FS Shere R = KO“E(70°>) 'F—'Llor'fzon‘Fnl ~ﬁ(:,}>
X Zg M&ﬁn%_ g:{&r} E:E) H;'—'l

( (



"Cee!

NGJCQ (/\)f’/ Can UsSe a C;th[e,:j O[Faz]{‘am ’\'o

+he Cyclic Sm%ﬁrvu\f <X> ﬂe)nﬁr‘af\'&ch \od an elt X,

Do Fhe \\M—W «Q»Dm e te x, Ehen

"(QFQ_DL“F —Fhe  Canmne 7>orH\ unti |l we fehira te o

Notation For —hic  vicual veaton, we will Veqfer o <><> as

-

‘lChe_of/bLéo NS

E_;’)i The orbit o_( C( BS 2_> s <(f’5 L)>: <KZ>= {E, KZ) K}= {C,[(?ZB,[&Q}
The ook of (%) 7 <Cf3>>=</ﬂ{7= {e, RES= e, ()
&

We can viwualize tiese srf4s  Tn an ”or\o':-l- 8(01?1,, "
* eue_r‘:] el il be Tqr{ rF ot leatt one ocbri

¥ Each Ctﬂclc fQP(&SWS an  orbif

Eﬁ /ﬂ/\ﬁ ofb]*{’ ﬂrarh O_F g,g; a> C5>

S\

CL?.I)

(123)

C, s tive ditinck ocbits (""CIMJJ“‘% L4}
5



Cee bﬂ?( Lo Dma ) rotes

Dihedeal  groups , again

‘(;’f ear (ier -l"ﬂ[rd e b’“
Let w3y

D= grogp of Sgmmetries of o fgulereegen (n33)

:me Let R denote he Counterclockedise rotation Ioj 2

n D

and —/: ﬂﬂg_ re{(ec-ﬁ;on acroSS a (fnc a‘f‘- .ijmme“!trj .

O Trhe Coyley diageam of Do vy S= [f R} s

T >

R e %4

7 .
R E YA
, é/'_ft\{\//) R
C- /)178\/ %

LL] ~
¢ v

<

@ Fromnn Par (D, we cee —+ot

n—1 —votatfion fnc(ud
bn: /4) K)Kz7 ’—.)/{ I3 v £ s [c( cﬂrv:] lcQB

rQ_—F(Qc—‘_TOﬂS/ N 'F) ‘Pﬂ) 7£{<?_) T )7[7/("—’ 3

"?”?S where —te tems orn the (st Aave_ Olrg'“"‘c"“,

@ The jFoWZfS o-F R ave (D‘{"yt‘{‘;oﬂ_g) ond
%Ri ave r’e,f[ct‘_ﬂ'-?on_S‘

@ Tha Dr?:'er a_)C P\ < N
The ovrder a-F ealCh r(’_7£\/ec+fon (< 2,

o RE=REYT= AR ALK

D)

Tofeen S [eggrvatently fRF =27 )

called

e okionS g?mf[arl% }Q'}C:%\/(” (ciu(\/alentlﬁ) fRf'F= R-f>
’\/



Rernark Pac & @ D_F ?roF above +<+ells us +that E,(/ex%

element of D, T a product of Roand £
Wa gﬂs tbn s Be,naroriaol \M& R ﬁmo‘ <F

[

Fr”] \J>q e wnot  abelian

Taf [ugrrﬂ Cﬂﬂ/cj 04:@@,\/,3 P ;
It bhas « C@jlaj Jr'g‘(}rm s ?ﬁ"f&rn

froof (using revact)
LD R bur GROF-R =R

L Siace V’}&) R and KW_{ ave. disdinat.
~J

é\éﬁ?”ﬂf& Dh (& not CUC[TC'



6(0M]> D\C cnglex Nnurmbers

CCA 2 Exarple /5, P9 4?>

C.— {@MFIGK V\umloe,r‘s’gz {]a+b/' -'g)]péﬁ} Where jZz=-1

real ]mr{: "MD%?/\M(? 7>¢f—é
Cﬂr-FeSfm/\ /fefz{—arg_u lar

\}bolar Loord 7 nate
Cyora&7 nate S

¢ 1 4 A

b f ]

T /X
a
. .. 18
2= a+bi = r[me+ (Sm93=fe
v=lz|=Ja=+ L* ) a= v ot B
(led absolute wvalue or _modulus or mooanitude of 2 b=1 &'—ﬂg

. . . R n n inb
/}—hm@ e,'a e,'CP = en(a+tp3 @ I z=1e'? ten 2'-r"e

41 @ (Ac'®)(ee'®) = AR g 1(P+®)

1(0+0) T:e,l

e de
EE C :@\{03 S a grewp W \Mul","?‘flrca'("_o'\ as qreup Speration
Wemtity: |

The nverse of Zza-l-lo.':/{eia is z ' = a~-bi e

|
Attt R



gome_ Subﬂroqu a-P (]:K:
O RF= R\

.
@ =0\ () (HA\

@ The circle group Td_ifzrzé@_. ).7__/:1} '1w« x

. . . - . [ I
T Containg 1)‘1) Ly =1y \/};_,_,2’___1 = &:s[-;-'->+—l Cm(él): C,( z

All o-F Hece Qulzjroufs dibove have Tn-Frr\'ufe order

@ The Subset H= {1;"1) f)‘T} °1C ~+the  circle \jrouF

s a Qubjrom'f, |‘JL,’_g a c,U[/[fC, Ljo"awF je,mcraf(“eo(

B /

\QA, I or — 1. AN
|

_%\arz4 R

|

Note —that each elt of H Laticdtes +the equatien Z‘r:f

Def [Then |4

ny 2, 4he n-4ih rosts of ur\H‘Lg,._ are  the

LDM"F\ex numbers Sa‘-l"(S'pdTn?, ~the cqoua—(:f'cn 2" = 1

{ n—'tb\ (oots P*F Uh"+la_'-\l el g ei4k= k= 0,4,2.--»"‘13

The V\-th roots e-F un'r-EL% —{:prm Q C/i(o(u'c, jrauP o-F T

a—-’D orole,r‘ n. A ﬁe,y\o('ﬁ‘f"o(‘ ﬁfar -—Hm"_g \jf‘ou? r's Cﬁ”CJ
A primitive  n-th oot of umi-ﬁ\c],
T

A P

T e P 87
_E_X'- { 5"[29\ roots o—F uni'(:g:} = { 1) e 3‘) e T e r) AT
Al S-4h revts -F un':‘*i (ex(‘_cP% 1> is ?r?m7+7\/e_

Ex: | and -1 are rr;mhlwe 4 4th  oots o—F Um"l-l;a"



_Termﬁqo{oﬂﬂ ‘F;f ‘FU”G“L-"’”S Ch O F%— 2.1

domain Codovroln
D_i;f:- Lc’( -f— A = B be a —)L\ur\c,'f'v'orl‘

* The frade + £, denoted b £ or -,C[A> s [Soma Lesetbook s
re_—Fe,r‘ +o ‘F(A}

as e cange of £ )

_H\P, subse-t ['F [a)5 aéA} o-f: B

X ‘,C is  infective (or one,-‘f:a—ona> fo f(ar);[[%) 7""f>1"'3 4)=q»
# 7C is Sur’FeC:{—'M/e_ [or DnﬁD) ?F y
»for each be B Fhece s at least ove a €A oy {(a): b

% let C CB.
— The r(e_‘cma%e ch C W’\def 'F) denoted _{:_l(c> S
—+he  cubset {aéA:_F[a)éC(} of A_

—  When C is a STHO(C,‘(,CN\ Sest C/: {})'3)

“the ch?mmke 1(5[&5’33: {aéA: -F[a): E} s called
—Ehe *{:r'bt,r "p L; unol@r‘ —F




Ch 10, g j24-l25

/"I‘o MOMOfF{”r5VVJS meé I °n|13 —Far o e

,bi Let (G4 )  and [H;D> be 9reups.
A(@fomF> h»MomrlpL»,‘Sm iC a '7[:1/.:;+;om

\P hi do main (odorain
w: & — 4 Cuch Lot

P L3 #92>= @4 L) Lo all g5. € 6
Oyglfwl’iaf] O?C“H’?Dn

n 6/ n H
X )—F _]%e, %omoms(kln("&m e ﬂ]go a ijea—F/‘an)

then o 1S Called an Soverphisna  and

we write (= and Sﬂg, G i fSoMothTo -+ H

K Ar\ FSomor‘Fh?Sm "Fl"om & s H‘Selﬁ1 ¢ called
an  auto Movr phism o{ &

¥ The kerve| of @ is cp_'({cfﬂ>: {756,: CP(?):CHK
— Notation : Ker @

Thm Let @ G — H be a V‘OMomur‘Fh[SM o qreups.,
TL?U/I CP SWS CG’ "Ea CH

M = Since EH IS 4919; TJen‘H{j el Tv\"H
eH ¥ (CG> CP(C@A ard CP(ee—B ¢ H

= @ [CG— E—G—> Since EG_ ic 4he TJen*F'n(U et in &
= CPCCG—> CPCEG-> Since @ s a Llomovv)orquIgw;

So ey @ (ee)= @ (ec) o (ec)
By Fhe right cancelabion property of geops (Ch 2)

we bove € =@(eg).



_Z/;i(: ConS?Ac,r ‘l’hc— ~ap 579" d:’{ﬁ% f)ﬁ
defrned by ¢ @>= =21

0) Pove Ak p ic a heemomosphisn

oo Foc all comploc mumbers a,bé

=LY S the runttiplication of
Conplex numbers 1S dovarmutatiee

= Ola) p(b)

D e g f L2 € pton]

_ [Zé@:’f: z€. 1?

={ 44 ok of m‘fﬁ



E’&_ $:z —~ ]>4 delLined bg_

D

k l% KK vJ'ne((, R is a rD'f‘q"F(_ah l”:j ’%—[ e ‘f_

S oa l/\oMoMOrFWSVW which ¢ netf TnJ'ec-Hve and not Sur\’gec_-(-':ve‘

trfao-f:
X CP s a hOMOmoY‘Fh;SM?

@ (e d)= = ppl - 20w a0

Fer all k,Q € Z, —e lave

*1ts  net 'l:lje,ch\/t) €9 w(2)= RL;F\Z' R = Ré:q)(é) Lot 26 in 2.

X ¥s also ot SMGQC,-H\/e‘_ ®(2) doeswt corrtatn any. veflection.
a

’No_{',e kﬁi’c@= /f'z = {"')~(f)0)4)y) ]

\W\CP = {Ro‘fﬂ’f?ons EL& 0)%) TT) \&

v



Ex

—_—

Q: Ly —> Dy

AQ‘FEACJ L3‘7’

k — Rk Whe e R S a (otofion b

2T

+ 2

< oan 'yeC+FVC hoMoMGFFEFSM which s aof QMU‘CC‘L“M’

\/?Smlizﬂ+r'0ﬂ

Z,- {1 Dy= SRAY

+l @’{
' e

1 {_'# R

Kcmar 4

rn

D

3

s ove of Hie -ﬁk}fj

DS CovtainS a Su(ogrourr <ﬂ> = {e, ﬂ) KZ’B whith

i "identical ia structuce. " o Z/S

We  Saq "Hhe  Structure of Zs

/t
chows up n hbS‘

e §a€] " Z/_} embeds info >5 as a

&u%jrmlb N

An infecive meomorrh?im s also alled on mé»ealol-;z

orH—>¢e
1 >R

2L —7

2

R



&{/l & F&omof?%?\gmg

ln Ch S, we Satd oot -
" every cye e IR a—f‘ n{inite orolec belaves like Z

. every cyc e gooup of ofclec 1 belaves like Z,
Noco \/JO_SQB_WQXU %{jc(ic Iroup s ?somor?lﬂ?g 1o 24 o Zn

TI/WVl gqr;roge_ G’: <ﬂ> s a C,27c/{,'c, JY'owF .

(E)( ’L» [ £ ]4’:00 ‘e, ¢ Z —> &
bk F— ak

s an (Sovwor F\"TSM‘

e;(PoV)E'hL laey s

oot @ (kto)= AL e - (K cel(a)

o @ TS a4 hormowor=shicn .

To show @ is idective: Let @(k)=@(1)

Then Ak at
4
aA A -t
-4
ﬂk = e

gqnu,_ a T e-F fn-FrmF(‘e_ order, k—L wust Le 05 $o ksl
0

—T_o She ® s Can fje cq{rve € Ve ({'\cj e_\'&_ q{ 6 IS
o-F ~the e—/[;,m ak ‘ér Lavne ke Z}

o ®(kd>=ak.

Ex U= {1,2,45% 5] = <27
g'vncc +&lg, svde c{ 2 u(7> TS é)
uly) = 2z

A



\Di \/‘f‘: {C)or)]%c% 1S ~Ahe (7\’014? S/
Mu[*{—')r)(—Cﬂf“F?om C%(C7> —Lable

e abc
ele a b c¢
ala e Cc b
bib Ce a
clc bat

—T|/IVV) [/{P{D )'SDMOTFD\(SM) "H’Tere- atCe —('(,Jo QfouPS o—F O\I'ole_\r L{_)
ZL(_ ar\J\ \/L\— N
I

— |

T 1 L

P

Q O e qroups isomorphic to Zg:
RN S A
ot (1)
x { 4, (252, ﬁe)[z%))@6?—/>}=<(zzé%>>=<éézo> L Quiros
e UG {12,343 o= (o> A Quivoz

O’chr gﬂ(owfg Tcovno Fk-’c, +o \/4'.
¥ the rec+ar%,[e/ enattress grevs "@om bﬁ(\7

*  U(®)
* U(in)
£ LIRS £ P
ot (qy) on4 ‘F[i?
* {H)CID[ZZD) 0024 , 04)(23)3 < Sdr



T 7

PR

E S"':}’T"ge/ Z"f—> \/{- IS an fSomorF[f\fsm.
lise @ (D=e :Thn ©()= (1410 L) P(D=ece=001).

4 [ < GmorFﬁu c t. \/7_

Hm/ivy CP[Z_):CP[}> means @ K net 7!j&£'ﬁf(/€,

$oooll) #e.
(sse @ (NFe: Then @()=x  wvhece x=a,b, or C.

Then @(2)= @(1+1+1)

@) Q) ®GQ)
=x%=x"x

=X gince |xl=2
=®(1)

Having @(3)=®(1) means & is ast fnjeckive
In beth CaseS D s ot a \otje_C-(-Tor\.

go Yhere s ne FgomorFWSM o 24 +, \/4

— CV‘J& o{-\ FDF -



