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Abstract Algebra Notes

Day 3 Tue 9 23 25

Outline Break before 8 pm
Present Hw
Quit 2
Lecture Ch 4 Cyclic groups

Ch 5 Permutation groups
Group activity problems for next week's HW quiz

TODO Fri Tp 3 Overleaf
Next Tue HW 03 Due in class
study for Quiz Quiz start of class



Ch 4 Cyclic groups

14.1 Criterion for a aj

Let G be a group and let at G

1 If a has infinite order

at as iff i j
2 If a has finite order n then

i a a a an 1 e

ii a at iff n divides i j

Proof 1 If a has infinite order then ante for all new

a as iff at 5 e iff i j o

2 Assume a n

i We'll prove a e a a an

We have e a a an i C a by definition of 9

To prove a c e a am

suppose at a

There exists q r such that This is called the

division algorithmk qntr with o rcn

Then at a2ntr 99 at an 9ar e ar ar

since o r n this shows ar e e a an 1

So a c e a an 1

So the two sets are equal

See proof of 2 ii in the book



Cayley graph of a if 191 6 Cayley graph of 26 17

56 1 at

as a a7 at a I

Ta
a4 al

a

Eia
Cayley graph of a if Cayley graph of 2 1

a has infinite order

a ca eca't 22 1 05 2

Upshot of Thm 4.1 No matter what the group G is

or how the elt a is chosen multiplication in a

works the same as addition in Zn if a n

If i j Ek mod n then aiaj ak

works the same as addition in 2 if a has infinite order

diaj a't and no modular arithmetic is done



Corollary Let a e G be an elt of order n Then a a

Te the order of a group element a is equal to the

number of elts in the cyclic subgroup a

generated by a

Proof Part 2 ii of the above theorem says that

a e a a an so a n

Corollary Let at G be an elt of order n

If at e then n divides k

Proof Since ak e a the above theorem tells us

n divides k 0



Thm 4.2 Let at G be an elt of order n
Let k be a positive integer Then we have

1 ak 99 d nik

2 19k glack

EI suppose 19 30

god 30 17 1 so a 7 a e 9,94 929

and 917 30

gcd 30 8 6 so a d a6 e a6at 918,924

and 918 196 5

Core An integer k in Zn is a generator of Zn

iff god n k 1

EI 27 1 2 3 9 5 6

Zq 1 2 4 5 77 87

Cayleygraph
4 4

for 27
6 14

5 4 1
4
2 5 4



Thm c Every subgroup of a cyclic group is cyclic
Thm 43 2 Suppose a n

til The order of any subgroup of a is a divisor of n
i For each positive divisor k of n thegroup a

has exactly one subgroup of order k Ak

Proof of 7

Let G x be a cyclic group w generator X

Suppose H is a subgroup of G

Case 1 H is the trivial subgroup e

Then H e is cyclic

Case 2 H is nontrivial

So It contains some elf g not the identity
Then g x for some ne 2.70

Since a subgroup is closed under taking
inverses g x ̅ must also be in H

Since either n or n is positive
It must contain some positivepower of X

Let m be the smallest positive integer
such that X E H Such an m exists

by the Principle of Well ordering



Claim Gm

Proof of claim

Since xM It we know XM H since

by def xm is the smallest subgroup of H containing Xm

Next we will prove H
Xm

Let he H Since H G x we have h xk for some K E Z

By the division algorithm there are q r EZ with Er m

such that k mgt r

Thus h x xmqtr My

Multiply xk Mx on the left by mV

59 xk Xr

So x m9xk Xm 9 xk is in H

since he by assumption and x E H by

We said earlier that m is the smallest positive integer
such that EH

Since 0 Er Cm we must have r o

Thus K mg and h xk xm9 xm 9 x

This proves H xm

the end of proof



For each positive divisor k of n

the set E is the unique subgroup of In oforder k

These are the only subgroups of Zn

lattice of divisors of 30
30

15

Subgroup lattice for 230 1

230

So 2,474,1
3

order 15
order 6

ÉÉfÉ Y

15
10

0,153

230 03
order 1



Ch 5 Permutation
groups

Notation n 1,2 n

denoted SnThe symmetric
step.noeniettITe letters are 1121

is the set of der function composition

Motivation Every finite group is isomorphic to

a subgroup of Sn Cayley's Thm

Notation α in Sn can be written in two line notation

α intake Tail

Ex

i t es

Read from right to left like function composition

of iM
Fact Sn n



Prof A k cycle in Sn has order k

Proof Let anas and be a k cycle ay qq

94

For it k 1 we have F an ait a so 8 Id

But 8k a at 8k 923 92 Thcart 9k so ok Id

Therefore 101 K

Prof The inverse of a k cycle a 92 9k is

the opposite K cycle 9k 9291

EI T 1265 T 1562 0T Id

1 2 1 2

5 6 76

Prop Disjoint cycles commute so the order of the disjoint

1456 237 237 1456
cycles doesn't matter

Thm Every of S is the product of disjoint cycles

Elements of 53 Id 12 23 13 123 132

1 2 3 2 3 1 23 13 2 123 132

Ex The elts of 54 by cycle type
cycle type Types permutations count

1111111 d 1 2 3 4 1

2,711 Irap 5 12 13 34 6

3,1 3 cycles 123 243 8

4 4 cycles 1234 14327 6

212 2,2 cycles 12 34 13724 4 23 3

24 4



Prof The order of a is the least common multiple of the cycle lengths

Proof Write 2 Ym as disjoint cycles T1 T2 Tm

Then rk T Tz Ym k

TakTak Tmk because disjoint cycles commute

Tik Id iff k is a multiple of the length of Ti
So lol is the smallest positive integer which is a multiple

of every cycle lengthy

Def A 2 cycle is also called a transposition

Prop Every cycle is a product of transpositions

EI 12345 12 23 34 45
12345 15 14 13 12

12345 15 23 14 12 23 12

Proof Let f 9192 9k be a K cycle

Then r 9,92 9293 939g 9 196

Since every re Sn is a product of cycles
every re Sn can be written as a product of transpositions

Note This product is not unique as the example show

The Sn is generated by transpositions



The let E Sn Then either

every expression of r as a product of 2 cycles
has an even number of 2 cycles
in this case a is called an even permutation

OR

every expression of r as a product of 2 cycles
has an odd number of 2 cycles
T is called an odd permutation

Whether r is even or odd depends on the cycle type

Ex 12345 12 23 34 45 is an even permutation

Ex The elts of 54 by cycle type
cycle type Types permutations count

Even lit 111 d 1 2 3 4 1

odd 2,711 fringes 5 12 13 4 6

Even 3,1 3 cycles 123 243 8

odd 4 4 cycles 1234 14327 6

Even 212 2,2 cycles 12 34 13724 4 23 3

24 4

the the set An even permutations in Sn
is a subgroup of Sn

1
An is called the alternating group on n



Pf Id can be written as the product of
0 transpositions so it's an even permutation

Closure The product of two even

permutations is also even

Inverse If re An then F can be

written as a product 982 F

of transpositions where r is even

Then Fr Or 0

so 8 is also in An

Prof The number of even permutations in Sn nx

is equal to the number of odd permutations
so An

Proof Let Bn odd permutations in Sn

We will give a bijection from An to Bn
Let f An Bn

f c 12 r

To prove that f is injective let fÉJ fÉ
Then 12 F 12 T

Multiply on the left by 12

12 12 f 2 12 T

O T



To prove that f is surjective let 59 Bn

Then w can be expressed as w w Wr
where the Wi are transpositions and v is odd

Then iz w is an even permutation and we have

f 12 w w as needed

EI Ag has 12 elts count

Id Id I

3 cycles six of them 6

2,2 cycles 2 34 13124 14 23 3

Prof the twelve rotations of a regular tetahedron

can be described as elts of 4
2 14

123

p
is fixed

2 347

11 4
Remark Many molecules w chemical formulas of

the form ABG such as methane CH4 and

carbon tetrachloride CCI have A4 as

their rotational symmetry group



Additional examples

Ex 26 0,112,3 4,5 can be viewed as the cyclic group F

generated by F 126 45 or 0 1 45

Ex Symmetry A Dz is 53

Ex Symmetry Dg is a subgroup of 54 when viewed as follows

Initial state

90 Cc Rotation can beviewed as permutation
1234

ITExercise Cheat that the other
rotations are p2 and p3 and Id

Vertical flip reflection across a horizontal mirror mirror

can be viewed as permutation 2 347

49 6,9
Exercise The other reflections

are 14 23 24 and 13
Check These eight permutations form a group


