
Groups acting on sets

Thm 6.1 Cayley's Theorem

Intuitively a group G acts on a set S of configurations

by naturally permuting the configurations in S

Ex 1 Extra Ex
G Dg symmetry group of a square

e R R R f fr fR fR3 Rif

R counterclockwise rotation by 90

f horizontal flip

Configurations of the square mattress couners labeled by 1,213,4

a skin
Init R init R Init R init f init fR init fR Init fR Init

Let I 1,2 3,4 just a set

We can think of Dg as the following permutations in Sg
e R R R f FR fR fR

e 4234 1 3 24 1432 42734 13 14 23 24

i skin

Action diagram 1 2 3 4

Note This diagram is connected R



Ex 2 G D4 Rif again

squares w two corners labeled and
o

Action diagram FG
1 558 it
R

f R R f

Note This diagram is not connected

Remark Extra when the action diagram is connected

f on it a in
Set wt Ian

get to all

other elts in I using G

If Let G be a group and let I be a set

A left action of G on is a map

GxI I

where
8 91 symbol

1 ex for all x t I
2 ba x b ax for all EI and a be G

A set I equipped w such a map is called a left G set



Note I doesn't need to be related to G in any way But group

actions are more interesting when the G sets is

related to the group G in some way

Ex 3 Ex of group actions from linear algebra Extra Ex

G GL R 2 2 invertible matrices w real entries

I R vectors Y yer
Then G acts on by left multiplication

GL2 R x R R2

1 D 1 L
Verify that this map satisfies the two conditions

1 for all 5 ER
2 For all A B E GL2 IR we have

BA 5 B A 57

since matrix multiplication is associative

Ex 1 and 2 are group actions for Dg



If Perm X thegroup of permutations of
This is the

def usedbijectiions I
Note If I n then Perm x Sn in class

An alternative definition of group action

Intuition

Given a group G we have a switchboard with a button 9

for every g E G

Given at G pressing the button a rearranges
the objects in our set I This gives a

permutation on Ii call this a Perm I

Given be G pressing the button b also rearranges
the objects in our set I Call this permutation b

The element bat G also has a button ba

For G to act on I we require that pressing the ba button

gives the same rearrangement of as first pressing the

a button followed by the button b that is

ba b a 1 1

for all a b E G

Alternative def of group action

A left action of G on is a group homomorphism

G Perm I

Note A right action requires ba a 0 b instead of



Back to Ex 1

Switchboard for Dg

e R R R

f FR fR fR

Pressing the R button permutes I 112 3,4 as follows

21 3 4R

PCR 1234

Pressing the f button permutes I 112 3,4 as follows

f f
f 1 2 3 4

r r

f 127 34 f f

Dy e 1234 1 3 24 1432 42734 13 4 23 24

54
subgroup

Exercise In Example 2 think of the xxoo squares as 1,2 6
Let Dg So be the left action of Dg on 1,2 163

Write the elements of im What familiar group
is im isomorphic to



Next we see that every group acts on itself
by left multiplication
Def Let G Define the homomorphism

G ÉiÉ by
g Tg

where

Tg G G

gx for all e G
that is T is multiplication
by g on the left

In other words pressing the g button on

our group switchboard multiplies every
ett on the left by g

The image G Tg ge G is called

In
L its in

212 are
the left regular representation of G 115,711

they form
a group wExercise Prove that is a group homomorphism operation

Prove that is injective

EI Calculate the lift ougular rep of 442 51,517,11

T1 multp by 1 I To multp by s 5,71
ab Cd

Tz multi by 7 1 T 1
a c bd a d bc

Note Every group also acts on itself by right multiplication
The corresponding action diagram is equal to the Cayley diagram



Cayley's Thm Every group is isomorphic to

See Thm6.1 a group of permutations

Pf let be the left regular representation

G Perm G

g Tg
given above

Then im is group of permutations
Since is injective we have GE im

Two contrasting reasons why Cayley's Thm is important

Cayley's Thm allows us to represent an abstract group
in a concrete way

2 Present day set of axioms for a group is

the correct abstraction of a group of permutations

Note Concepts similar to group acting on set

appear
in other algebraic structures

For example in ring theory we have

11g
modules instead of G sets

gutup

If you are interested in learning about

module theory next semester year

some talk to me
end


