
Gallian Ch 15 Ring homomorphisms

Part I Ring homomorphisms

Just as a group homomorphism preserves the group operation
a ring homomorphism preserves the two ring operations

Def A ring homomorphism from a ring R to a ring S

is a map a misatisfying

Q atpb 6 a b AND Q apb Q a 9 b for all a beR
Ipreservesaddition topreservesmultiplication
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Def The Kernel of Q R S is the set

ker a E R x 0

Def If a ring homomorphism is injective and surjective
it is called an isomorphism



Ex Given ne 2 0 the map Q 2 In

defined by a a mod n

is a ring homomorphism

Check that Q at b Q a a b

0 ab 0 a 4 b

Ker a n k k e z nZ

It is a surjective map

The map 9 C

Q at bi a bi

Prove that a g 9 x 6 y for all x.geC

Prove that a xy Q x aly for all x.ge

latbi i di 9 Cac bd adtbc i

ac bd adtbc i

a bi c di

6 at bi di

Prove that a is injective

Let Q at bi Q Ctdi

a bi c di

Then a c and b d so atbi Ctdi

Prove that a is surjective



Ex Let R denote the ving of all polynomials
with real coefficients

Consider the map p IR x IR

PCN p 5

that is if p 4 do a xt92x t An x

then Q pk 90 9,5 9252 an5

Then a preserves addition and multiplication
This map is called the evaluation homomorphism at 5

Note Ker a PM EIR

Egf
0

PHER 5 is a zero root of p x

pkt Eker Q iff 5 is a root of p x

In general given E IR

the map Q IR IR

PK pca

is called the evaluation homomorphism at α

Note PIXIE Ker Q iff α is a root of pkt
Recall Since IR is a field an elt α EIR is a root

of PAIERE Iff

x x is a factor of pk in RE



Prop Let Q R S be a ring homomorphism

1 0 Op 0s

Compare with If f G H is a group homomorphism
then f eg en

2 We cannot say the same about the multiplicative identity unity

since not all rings have them

IF R and S have unities IR and 1s respectively and

if Q is surjective

then a IR Is

Proof of 1 defofOp def of homomorphism
anga or Q optok a a a

a op 0 Q or
So 0 a g 9 9 a top

By cancellation since Sit is a group we have a g 0s

Prop The kernel of a ring homomorphism 9 R S

is an ideal of R
Proof we know from group theory that

Kera is an additive subgroup of R

Let re R at kera

Show that ar Kerce

Car Q a a r 0 p r 0 If her 9 03
then a is

show that rat Kerce
injective

6 ra acriaca acr 0 0



Part I First Isomorphism Theorem

Not
Recall the natural or canonical homomorphism of groups

T R R I

r r I

The kernel of T is I and T is surjective

Thm Let I be an ideal of R

The map T R R I

r rtI

is a ring homomorphism from R onto R I

with Kernel I

Pf The note above tells us

T is surjective is a group homomorphism

and has Kernel I

It remains to show that it preserves

multiplication

Let site R Then

s Ct STI I st I Test



First Isomorphism Thm

Let f R S be a ring homomorphism
Let K denote Ker f
Let i R k S be defined by

rtk for for all rtke Rlk

Then i is an injection Rk 5

In particular we have an isomorphism given by i

RK Imf

Furthermore f if natural onto homomorphism
R R perf

R kerf
The diagram if

called a commutative diagram
f

f R
illustrates the 1st isomorphism Thm

We say the diagram commutes to mean f To T

Note This tells us that every ring homomorphism
can be written as a composition

7 homomorphism Conto homomorphism

Ex p Z x 2 defined by P EEstant term
ker a x fmx fix e Z of Pixt
By 1st Isomorphism Them 20s 2

the end


