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o+ 1) = [f)? + 1) | fix) € Rx]}.
Then

R[x]/x> + 1) = {g(x) + (x> + 1) | g(x) € R[x]}
={lax+b+ >+ 1)la b€ER).

To see this last equality, note that if g(x) is any member of R[x], then we
may write g(x) in the form g(x)(x> + 1) + r(x), where g(x) is the quo-
tient and r(x) is the remainder upon dividing g(x) by x> + 1. In particu-
lar, r(x) = O or the degree of r(x) is less than 2, so that r(x) = ax + b for
some «a and b in R. Thus,

g+ P+ D) =qgx)x>+ 1) +r(x) + &2+ 1)

=r(x) + x>+ 1),

since the ideal (x> + 1) absorbs the term g(x)(x*> + 1).
How is multiplication done? Since

PH1I+E+1)=0+ G2+ 1),

one should think of x> + 1 as 0 or, equivalently, as x> = —1. So, for
example,

x+3+&+1)-x+5+E&F+ 1))
=22+ 1x+ 15+ + 1) =11x+ 13+ 2+ 1).

In view of the fact that the elements of this ring have the form ax +b +
(x? + 1), where x> + (x> + 1) = —1 + (x> + 1), it is perhaps not surpris-
ing that this ring turns out to be algebraically the same ring as the ring of
complex numbers. This observation was first made by Cauchy in 1847.1

Examples 11 and 12 illustrate one of the most important applications
of factor rings—the construction of rings with highly desirable proper-
ties. In particular, we shall show how one may use factor rings to con-
struct integral domains and fields.

Prime lIdeals and Maximal Ideals

Definition Prime Ideal, Maximal Ideal

A prime ideal A of a commutative ring R is a proper ideal of R such that
a,bE Rand ab € A imply a € A or b € A. A maximal ideal of a com-
mutative ring R is a proper ideal of R such that, whenever B is an ideal
of Rand A C BC R,then B= Aor B=R.
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