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Sec 16.3 Part II Quotient rings

Notation Let A be a subving of a ring R re R

A rta at A called losets of A

R A cosets of A in R

r A rer

Note Since t is an abelian group and

every subring A is a normal subgroup of Rit

R A is a quotient group under

the operation
A A Stt A

Review Sec 10 1

Q When is RA also a ring with multiplication
defined as

STA A st A

Recall
Lemma 6.3 about cosets

S A A iff t E stA iff t S EA



Thm Let I be an ideal of a ring R

Thm 16.29 The additive quotient group R I is

also a ring with multiplication defined by
I I St I

Def This ring is called a quotient ring

Idea of proof We need to show that

the product s I t I St I

is independent of the choice of coset representatives
meaning the multiplication operation is well defined

Suppose s E STI and t e t I

Goal show s't I stt I
Stroup

Since s estI we have s Sta for some AEI Quiz

Similarly we have t ttb for some beI

ie
I satisfies the absorbing property

So s't E St I

Thus s't'tI St I as needed



Ex 2
42

0 42 1 42 2 42 3 423
is a quotient ring
2 42 3 42 5 42 1 4 42 1 42

2 42 3 42 6 42 2 4 42 2 42

Ex Let R Mat 2 9 arbicide 2 and

let I be the ideal of R consisting of matrices
p

with even entries
Quiz

a a g gate
Exercise Show RI 9 I a bicide 0,13

So RII has 16 24 elts

Group quiz part I

Ex Let IRC denote the ring of polynomials w

Extra real coefficients and consider the

principal ideal 4 2
1 generated by x 1

REX g x 4 2 1 91 1 EIRE

We will show later that this quotient
ring is isomorphic to Cauchy 1847



Part I First Isomorphism Theorem

Note Recall from Sec 11.2

the natural or canonical homomorphism ofgroups

T R R I

r r I

The kernel of T is I and T is surjective

Thm Let I be an ideal of R

Thm 16.30 The map T R R I

r rtI

is a ring homomorphism from R onto R I

with Kernel I

Pf The note above tells us

T is surjective is a group homomorphism

and has Kernel I

It remains to show that it preserves

multiplication

Let site R Then

s Ct STI I st I Test



First Isomorphism Thm Thm 16.31

Let f R S be a ring homomorphism
Let K denote Ker f
Let i R k S be defined by

rtk for for all rtke Rlk

Then i is an injection Rlk 5

In particular we have an isomorphism given by i

RK Imf

Furthermore f if natural onto homomorphism
R R perf

R kerf
The diagram if

called a commutative diagram

f R
illustrates the 1st isomorphism Thm

We say the diagram commutes to mean f To T

Note This tells us that every ring homomorphism
can be written as a composition

7 homomorphism Conto homomorphism

Ex p Z x 2 defined by P EEstant term
ker a x f x fix e 26 of Pixt
By 1st Isomorphism Them 20s 2
Group quiz part II


