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SCC \71 T>o|%nonm'a[ rTf\th

‘DCF L@t R L)&_ a Cowrutative ffr\% Witk ur\.(tgd_

A bolanMlﬂ( over R with Thndeterinate X S an expre s ion

<§€6{7> of the -Form

f69= .+ ax+ ax*+ ..+ a.
—
leaJana Coe-{?fc?en‘t

jde%rec o+ £, deq £x)

where o, diy -y A, € R and  An EOD.

[,oe,F-Fn'cJer\—l'g b{.‘ _F
Let RIX] dencte +the cet of all Fﬁllé_ﬂomfn]g v CoefficientS Tn R
.j><—F'w\e +he  2um o<F +wvo ?°(\'~]v\°""\(ﬂl$

PO = dot A xf .+ AnX

”L&): bs+ by x4+ -t BaX

o Le

p oo+ q00= Lo+ Cy Xt + £, X~

where (i =07 + by -Fﬂr each T, [/\/o+e'— Come  Coefiicients Py Le OD
bz-({mc ~+the Ffoduc:& 0-(: PCX) and Z{x) 4o be
2 W+ h
F(’Q 70()-7 Co T C()("_ C?_X t -+ émrh X

where (. = ho b + 4, b +4a, E;~2_1-...—/— Ai-1k +4; b,

\F:r each | . [/\/07%3 Some  (oeflicients WUL\Q 0)

Thw It Ris a  commutative ring With "”‘H'éj-)

C—H’""‘ \7'§> then R [x] & a Commutative ring BENE AN unity

E@ I'F_ R s an TV"f'leﬂ( oloma?n)
(Fnr W.‘D then @ deg PO + degq 909 = deg(?&)?[xb

@ R[X] i on TV\‘(:QGFm( doratn



Thm (D';v:’s;’on a135r7+hm> Cﬂ:m l¥,4>
[Lef F be_ 7 ‘p&lA) and le_{; '[/‘[)()] 9&) Le FOlUHOMT“[S Tn FEX:{
I g&) is nonzero, Hhere exict unique FDIJMMM[Q ol/O<)) 6)e Fx)
such *hat

—F(ﬁ) = 0(](%) 7&) + rix)
where either de% rixy < deg afx) or Yx) it He zero FoldﬂOMfﬂ .
E x f6)=xP-x rax-3 5, J&I=x-2 € KT

X = 4—><*‘4

X~2 / X3 —x*+2x- 3

3
X —gx*

P
X +2X-3

—_— -

Ly

Co ‘F(M: 9&) (x"+><4—4) + 5

—_—

:l [K') v (x )

\]>C‘F €& T s a ret or _zero of = FOl&ﬂDMTM[ P6<)

if plx)=0

Locrllacy of e diviston algorithe  (Cocollary 17.9)

Let F obe a fictd. An clt we F ois a root of p6réFL]
T‘F‘F (X—’D(> S a -FMC/-FO\F O—F ?&) Tn F Exj

Pra of E xerciSt
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?ﬂr—& I: K?ng_ l/\omomo\"F‘AFSMS

(jus’r as a %rouF l’\omomov’FhiS\M Preser\/es 'H]e %rouF oFermtion)
Iy {-En% lnovv\oyv\orFl,\(Sm Freser\/es +the +eso r:na_ c-‘>e.ra+?ang)

Def A ring (nomoww\r:rhiswx ‘{:r‘om a ving R to a ring S

doppin Codovrain

is a wap Q@ R— S SHTS‘F:}”\%

@(at@: cp(a).,gcp[g) AND P (ak)= ® (a) @(k) —gr all a,beR
-
-

@ Ppreserves addition @ preserves rultiplication
l““"’”‘ﬂon:
@ @
b— > @(b L ———————— @(b)
0\ // @ (p[a) // a\ // ® @[ﬂ) //
\, ¢ \ g N
~ / Yy /
a+£ CP \\\I v ﬂ_b \\\l v

Def  The kermel of @:R—>S is the set
ker @ = { xeR: @b = 0_3
}i \'F a V"“a V\OMOMoth}gm S ‘vnjcc—{—f\/e and Suu‘ecﬁ\/e}

Tt Ts talled an  (Sevsyphisw.




EA GT\/QX\ n & Z>o ) ’u1e MQP Cp: Z — Zn

AE-FFAeA L)L&_ a +— Q (MQJ v1>

IS« r'lr% ‘/\O\N\omorFL\Tsm—

Textboos k.
Checke gt @ (atb)= @(a)+ @(k) See Ex

¢, 20

® (ab) = @) @(b)

ter @ = [nikez |- nZ

I - _ .
£t s a swr\se_c{-(\/e rap.

Ex  The map Q- C—_> -
@ (a+bi) = a-bi
Pove that cp()(‘l—'ﬂ): @+ @ly) -F"r all X’ﬂéd: (Sca week |2 F"D\C-\C/—CCD
?ra\le_ +L\m‘{’ C?()Cla>= C(’[x) CP[?,) ‘F,( 2l x’ﬂé C:
® ((mf—bf)(c{-d;)): @ (@C— \oo\>+ (ac\+|oc>i>
= ac —bd — (ad+bc)i
@-—bf\) (c-d7)
wlat+bi) @ (c+di)

\t

?’fove, ot © Is '-CJ ecfive:

Llet @fatbi)= @ (c+di)
a—bi = c—dr

Then d=C and b=d | Se atbics Ctdi

Prove Lt @ 75 Suoec-“k/e_ (gcc_ week |9 rvmc_-{fqz)



E_)( Lﬁ,‘l: REX_J OlE/ﬂO{E the f'('nza O-F all Fo\ﬂnom?alg

With real oefficients.
£ Consider the ~ap @ RO]— R
PO = p(s)
ok 15, I pEY= o+ AXHF QX et Aa X
then @(p&)= 4+4,5 +8,5% + .. + 4,5
Then @ preserves  addition and mwl+i7>(rm-f—fon.

Thig MF is  called  £he evaluation hoMomo(‘an(’Sm at 5.

Nete ker @ = { Py ¢ R[] - CP[P[;cﬁ:o}
A
I>(§)
= [?(ﬁ')é [P\E)(] o 5 ¢ oa zers /foo‘t OF F(x)]

F(Xy € kex C@ \—’FF Y (AN Voot O{\ “>()<)
# [1/\ atvﬁeral) aive,n X & IP\)

—the ~ap ®, RIx]— R

F x) = F[o()

is Called He evaluation V\omomorFl«fsM at o«

Note :

POVE ker @y ff x T8 a4 oot of b 6
[ZECa” S'rr\C,e, R it a ’(Tc[cﬁ) an el xe R s a vool
of PEIE RGg iff

(x—'D(> S a Fa(‘/‘*of' 0-{: F&) Tn foj




?roE Cgome, FroFc\’—(—Eas o-F rTra_ hoMoMDthfgm\ CF&F /5213

Let @: R—>S bLe 4 ring howionmorphism,

@ It R s a commutative ring CP[R) S a  Comrrmutative rrf\%

sz‘\fare, W tHh _Fac,{: ~Frow\ 3rmq> ‘(!oeort] (SM—ID:
lllf— +‘: G—7H 1 & ﬂromF homamorFlAT:m and G T abelian,

—Hnen -F(G‘) s also abelian’

®» owl)=0

K S

COV“FM@/ with ?“’F .4 [1): ! I'F ‘F: G—?H s a \ﬂll’ou? (/\OMOMQPFL\FSV"I)
’U/\EV\ -F(c&>:eH "

() We conot Sy dhe Same about the multiplicative idembidy Cunity)
Since wnot  all rigs have. —them,
IF R and S have unities 1R and 1s  (respectively) gad
if @ s Surjec—(—f\le)
then @ (1) = 1g.
@ ¥ Ko oa field, Hhen einer @R) W He zers ving

o O s a —F?e,Lo\,
?roo-F o @

def of O def of homomorphitm @ /‘} W
CP(O‘O = CP[OK’I'D’) -l- CP(OQ‘F CP[%) and |-F er cp:{og)
Fhen @ s
@ (o= o + () "njcc,/;\/e

S ot@l= @) +@(3),

E\a Cancellation [S“’lcc @)'f‘) S oa G(DMF)) we have [-0[2):03



Tart T: ldeals

(Normal Smbarou?_@ Flmﬂ a S‘(>ec?ml role in Gfou'l) ~Hqgorla_ —
'Hnes allowo us -te Conittruct 7;,. otient a(cq?s .
\V\ r_'”% +he°‘rj) —fhe &Fec,TaLI Smfor‘\\ag are called "Tdeald”

and 'ﬂr\a% DN allovo s te  Construct ”Lj/motn‘uﬁc rfr\ag">

thﬂ‘{:?o")-’ IF A T a Subset a‘{:\ A rfr\q K and Y & E)

TAdj{rq : aéA’} and Ardi—-p ar : aé/“c?

be'F Let R be a ring.
A Ctw-sided) ideal of R is 4 subring T of R

Such thit T CT and Ir €T for al re R
-

e "\:c{ al vye R and ae I, both vra and gr are in T

Think : An  Tdeal “absorbs” elements formn R
Ex Tor every Y”\nca) the &ubr?r\as {Ok and R

are  lboth Tdealy of R

Foct gu?}»&e_ R s oo rTr% with un?{:% 1.

If T ic an Tdeal ™ R and 1 €T, then T =R

Frooi: . 1T CR \OCCQMge T s «a &ubrfrq O’F R

4 To L howd RCI) let e R,

Then Y =11¢ T Since L is an ideal and "éI.D



ldeal ’l’cgi’

A cubset L i an Tdeal of R OTF
¥« T i< on o\do\?-—{'(’\/e Slﬁbg(dVlF &F R
* l-{l al T and Y € R —{:fqen both ar anol va are Ta T

”_,.L(AC_ Mbgon‘l v’\t’qf_ Tr°\]>er{ﬂ o{ Iu

N6+€ We can *{—mke s Ho ke ‘]LVI@, Ac«FTn{-‘FFon D-F deal.



Faa'(: Le;t K be a Comwmutative rTﬁ% wWith \An7+lj)
md o e R, (hen the cet
de
<a>:{’: {ar:fé—ﬁr)j
ic an ideal of R.
Proof  Shew bt <85 is an odditive Subpoup o R0
(gca ExaMF/e 16.2‘]->

Show —hat s &> & (2> Jor all < ¢ R:
Let seR and ge<a>, Thea y=ar For Some YeER.
e have 55=s(ar)l= aler) € Lay.

Since B 7o Commutadtive

Thus <ﬁt> catis e ¢ e c!&—(:?rx?-Hon o an To!&atfm

De-F L&{: R be a commutative ring With  unity

An ideal o"F e -Form <a>= [ar: rék} AFD( Covvie Q € Q

X called a Pr?n(‘_'rPal Tolea[.

g% tint L) s fhe ~I>Y'|r\c,?]>nl deo | ?(Q,V\e_(m'b&A |o<a a.

EX Given n e Z>,_> +l’1t set V]Z = {\r\ki kéz/_-}: {---)‘Zﬂ)""),O) Vhl"),-.-}

ﬁix w.u) S an ideal of Z .
E% &e_\c) nZ 18 —the Ffinc,??m{ Tdeal O-F l 3encra.-L¢J

‘oa n CT—% can alSo be :ae,mc¢mtao\ ‘oga_ ~V1>



Ef_ Lek Z([x1 denote the Y‘("ngl of Fo(%nomia('s vy

'eroaer Coefficients.
Then 7 (€] s a Covmrutative (Tag W unity

O T=<x
n-('c er
{ })Ol‘jr\or\’nﬂlls O'F tl’ll ‘Fb\fm 4|X+42X?:f‘--_+ﬂn>(n?

feger
{T e with ne Censtant "Farm}

anov\mm Q

1

I

s the Principal ideal qenecated by X

® T- (><2+7>)

'Hﬂe, Fn’nc,;Fql ideal tae,ﬂerm—tecl loma,

integ .
is the set &’L ];o’dvxdvv'\g(q gt are mul+f]>[es ojf [)(2’-/—7))

L= [ffx} bc31) o Lo € R CX]}

X1

@ Let I-= {—FCX) € 2] ~F(o) iS an even Tn'fa?ar}

T’ﬂ T is net a vacj}ml 7dea |
de
QMFFase I= (F(x)> :f {—}Céc) j>6<) : 7£(><) £ ZEX]B

<F;( Sovne Folﬂnovvn_ﬂ( ?6<) in ZCX],

/n/lf', Constant ‘rolj\/\owﬁm‘ 2 (S in I)
Zzﬂ(:&) ?(%) -Fa(‘ Cove —(-\&)é ZCXJ

Se 'F(X) must be 1,-1, 2, o —2.

Cince pood € Iy PO) T8 even, So pa) # 1 and poo#-1,

ga T(K>=2_ o —2.



“The ’Fv]jq\omio\\ NEERIN m\go a I)
So X = h(x) 2 o x=ht<)(Cg) —For Some M) € z(x] .

Since He Cac-EF."(,?en-(s o-{—‘ hix) are integerc,

SIS ?mFoss'x{gle .
<o T T not Fr.‘wr_TF‘al o
Execcise:

de
Prove Hut IT= <><)2> :r{-ﬁac)g_ + 96y X * ?(xs,afx)éZCx]}

?_D‘F_ Tl’\ﬂ kene | o‘F a rm”qL L\OMBMO(-F‘Q?SM @R’ﬁg

CP(o? lél?’) e an  Tdexl of R
'PY”]C We leno w —Ffom ﬂramF ’H\eorg _’—{’m‘["’

ker @ ic an additive Subgroup  of R

Led ve B, aclker®.
Chow At ar &€ kercp :
wlm)=®(0)w(r)= 0 @(r)=0

Chow Hat vac kercp :
CP[m); w(r) @)= @(r)o=p .0

Ee Lt P= M, ()= { (35]7 abede 2] and

et T be +the Subset 0-(: s Con&'ls—ng o—F atcices

with even entrieg,

Huw: Uour hove Chowon n HVJ/ 7)(/17?: +lat T s a war:r@_
Now chow —Fat L s 2an ideal.



