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Def A vnone_w\F":y et R ‘{Zorat'thu with  tuo Eﬁnarla, OTCfﬂ"HoV\S\
additions and mulﬁ?(for(-}on)

is a V'Tnz f]c ~the —gollow'lv% hold g,

(R,*) s an abelian greup vy identity called zero 0
Thic  means

©atb=bta for aber

s (arb)tes o+ (b ) He all ayb, ceR

«There 7t D¢ R with a+D=a Pw all ae R
« For et/er% a€ R, there ic —a ¢R With a+(~a)=0
2. MMH?FUCM—ion s asSsctative
This  means -
(abdc=a(bc) for abc ¢ p
2. The -Fo“ome& disfributive 1>Fo’l>er—(—%_ holds:

For aJlo)c € R,

a (btc)=ab+ac
(a+k)c=ac+bc
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"Rois a vimg with unity or with Tdentty  if

Fhere s an elt 1E€R  cuch gt
120 and la= al =a ~Far each ac B

o B T a senmutative ring if ab=ba %l’ all a,be R
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An elt a¢ R is a zero divicor if

e a IS wot the 2zero ekt

e there is a2 wvonzero elt b &R such 4hat ab=D

A nonzers elt a€¢ R whece R is a ring with unity

s a unit {10 "{:f/wre exXt¢ts a (MT%M@ elt g'eR

such 4ot a'a = aa' = t.

o A ommmutative rl"n% with unity R s Caﬁ&c&

an Tni’eg\\r@\ &cwm"(n ir R has veo zero divisor.

< A T g with unity R is a divicion ring. if

every wnovnzero elt in R s a unit

~
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Ex Z is an ?n"’&@(nl dormatn
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[Tf ab=0 ~Fof +wo Tm—&e@ers a and b etther a=o or b:0>

Z i< not a divicion r?n%
[’{’he or\l% Tn'('eaers with muH'(Flfcmt?ve inverses are | and ~1>)

So Z is V\L_i"(' a {7&[4

Ex of fretds:
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—_—
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With  addition
G:«Lg) (x)< f&)ﬂ-g&) [fﬂnwi "point-ice aotomrow”)

and MM[-FFFI‘—CV\“!'(—DV)

G? > (x) = 7[5‘) 9 <) [Cﬁl”co{ "Fornﬁwfge_ len‘%?/rcm%@
‘(;\FMS a  Corm mufutive ‘/"% with unify.

The um"-fﬂ S Fhe ctomsHant ‘Fz/mc-F-"om 1

The 2ero, elt ¢ e Constant —€‘AV‘CJ+T0V\ 0.

Matl (R> = {9—*2 matecicee  With entcies Tn P\}
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Fror of  rTras Let R be a ring With a,be R.

(F‘”b? Ié.?> @ a(D =0 oand }4 =0 (0 ic the zZero elt of ‘e rrm.q)

rTV\ﬂ Muldiplicat ion

@ oCb) = - (adg) and (:——pr) b= — (arbB
® (Ca)Ee)= ab

?m£ @ ao = a(o+o) Since 0 is —the T«Jcmcwj elt of (’iﬁ“)
=a0+a0 I’B‘ ~the dict r?(w+rv7+f\ﬁr Pre fe‘"'é?
So ao iy —H‘C fclf,ﬂ“"f“{’j (’J{' D‘F (?J'f‘))

OV\A “I’[’\m& ao = O

Exercise: Show 0a=0
@ ab + m(—b): 0[(]940) b& —Fhe disteibukive Propecty
= a0
=0 laa T’“’-E C’l)
Co Fhe odditive inverse 0{3 ab 15 a(-b)
meantrg —b)= aCr)

Execcive: Shoo () b= —(ab)
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def
Z 1= {a+ bi © abe Z}
is a S"'b””% °‘F @ [\/arr{% ~the &"‘b”"‘él canJh‘-u‘ons)
Check Z/Et—_l is an Tn‘fearﬂ | dormnain
o T he or\\ar units in Z/_Ev-] are 1) - 7) r') ~f . C'_X [{) A(): -i%= (-0 =1

Wiy ?

gmrrosc X=a+bi € Z2[i] is a unit wity inverse Y=C+ di

1= x4 =@+273(c+47): ac + ad i+ bci —bd

Co ad-bd =1 and ad+bCc =0

Then its Carnga-!:e X =a-bi s alte 2 un wHh Taverce z(?= ¢ -di

because X G =(a—bLi)(c-4i) = ac-adi—bei-bd = 1~0i=1

Thus 1= 1= (xy) (R5) = x% 47 =@2+1>2>[C’—+ofl>
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_Ei The set of  matcices

-|'p|f; MV\T-‘—j -_lhe

F{0) 0, 6, L)} < men2.)

Sith entries in ZZ ‘Faf ~S —pfe,(cQ

undecr and

Z2¢ro e (+

usual

mate i addition rw (7 -F(F(;q—(-?on,

:F;f QKﬂMFIC : ! II o | = Iz | Le
[ ©° (I o | 0
< 4
o bodh X a ndk j ale units

in F
?rot [Cﬂnﬁg((a‘(‘?'on la wo —;:r Tn—f—ejra[

(Fm? 14.1y> Let

H—\afs

AOMDITI\ )
D be
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nwon zevo and  ab= ac

)
‘U«en b=c
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0= ab-ac

d‘(b~ C,) \93 —fhe
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Thm Every  fraite infegral dormoin e o feld
(Thrn 16.16)
Froof  Let D ke a [ite tmtegeal  dowaoln
(\D s o Commututive g with unity 1, and
D lwt e zeco dwfgwg)
let a be a nonzero ef T D
[(/J& need Fo Shoos Fhot a s a unit, meaning
ab=1 for an et Le D)
If a=1, Fhea A e Hs ownm meH?FIrer?va) tovectSe
Su\f?ose Q£ Consider —the Se quence of elbs 7n D
a, a, a*,
Cince D s Finite | here must be tuo positive infeqers ?’\Jh

with T(j Such —fthat a—' = d’j.

ﬁl 1= a' a\j——/’

Ba —the ﬂ‘po\f& ?r'o? (&nc&(lq-\-’\an -—Gg "m—l-ijml o)\omp.'iny)
q—1
a

Co aj " S —FHe Tnverge °1Q OID

A(‘}'@r/\ﬂ%'/ve waao-F C‘\Cﬁc Same ?'ofen)-

Cee Fn’ajcb]c The ’élé in Sec 6.2 ‘|Le7£-H=ocJ:



NO‘[’/"*"M For ﬂf)g_ nowm m:aa—/-?ve_ Tn—l—c@er n and el x < R)

wy ite X+ X+ - +X as NX oc N-X
k/w—/

m e s
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"F No SMCL\ T’\‘("&jex &)é?&‘f'g) Smj N [/\0'& 7F\-F.lh.|+Q o( o{gr’

\Pe"F "Thc CWFMC‘F&rTs*H‘C o—{-‘— a FTVQ P 5

&&lar R )

is He [(eact FOS’I-F?V& fn‘/’cJor n

Luch ot n xX=>0o T[:sr a_// X € E

If w0 such integer exists then  we define char R=0,
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all  Lave cClhatacteristic O becauce

“H\cfe, s no FOS)—-H\/& F”+Cjer n  Such Hat N1 =0

Ex Tk g Mat, (R) also hac cher 0.

The order of Uty [Iev] s Tt
(@]

Ex

(Ex 16.17&\

ﬁfm-F ~Flort ZF S oa —PTe[al
See 3 9ed fe,n) =1 Hff

For every Tr7me [ Zjb i @ {’C[:A of Cher P.

X has a ~Mu (4 F[r”ca‘ﬁva inve rSe.  Tn mDo( 7

go €V€Y\Lj {lf o.{: Zr (eKCC’P‘(L 0) 18 e untt

?\/oa-‘: — pnl ZT has  charocterict e 3
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Let R be g i th unity L.
HC 1 bae order 0, “then cve R =n
S M:FTOSe, T hat erder N,
then n e —the vmllect posiHive inteqe
cuch Hat n-1 = 0.
Then, for all T € B,
nt = n-(1r) [o:j def of unitg

= )+ r+ ... +1lr Cwlnm‘f' ~+the notortion ‘Meamsj
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~n o trmes
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= 0O v §ince ne 1 =0

= O bd JQ-F rf o 2ero el

\'? 1 LQS n g V\.l"{t or oec() *Aer\ no ’j>° SHvel n

existe  such k- 1=0, ES def  char R o .



Lemma ¥ | (mx ) (noy) = (rn) . (xg) v mme Z o, %y¢eR

@'E (?ﬂr#h | }>‘K°"7C) {ar ?v&‘r(;\/c ™M and n)

(m-x) [n,vv = (xtx-. tx) ( Ytyt-.ty )
T N o2 7
vin wA ~+tmces " "Eﬂmej
meiP[r‘(Hran = xﬂ +Kj+ N +><ﬂ [Lj _(‘0«1,;‘0%3
- <

mMmn Eimes
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The Chavactecistic a,f an rn+ijr,,(/ oo main  is
(/WJM IL(‘]) e her Prime  or Zem,
Fraof Let D be an oteqral domaty -
Swpmoce chur D=C  withs ngo,
Fr  th tike of contradiction, Cupyoce TSt i

Co o= m, heve 1 < C 1 <n <C,

By above Lemma , O0=cC.1

= (M”)' [77)
= @1>@1) by Z/E"’?Mar ¥

§7ﬂc,c_ J> LMS No 2Zero ol:'\/TSvrS)

either M. lsp of W.1=0 .
Ba, Le,Mmm mbo\/c) Char D ?ymls s Cder "F 1.
g” Cher D 5 less  Fhm ¢, which s a  Confradictran.
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