


















































































Last updated Oct 30 2024

Abstract Algebra Notes Week 9 Wed Oct 30 2024

This is why the Cagley table is like sudoka

To prove that a subset k GG is a subgroup prove

i The identity of G is in K

2 For all abek abt k

K is closed under the group operation

3 For all at k a e k

K is closed under taking inverses

Recall Lemma for cosets Lemma 6 3

at bH iff alt bH iff a b H

TFAE
111gN Ng for all gE G def of N G

all left cosets are right losets
2 gng e N for all ge G and n e N

Nosed under conjugation

131 gNg N
only one conjugatesubgroup












Let f G H be a group homomorphism

Part
If

noima subgroup of H

then the preimage inverse image pullback of H

f G ge G f g J

is a normal subgroup of G

Proof First check the three conditions for being a subgroup

Exercise

To prove that f T is normal in G

we will show that g xg E F T for all f J and ge G

Let gEG and f J Then fate J by def ofpreimage
So f gxg f g fix f g since f is a homomorphism

g fix Fgf
EJ

sin fg fcg e it and fat J and J is normal in H

By def of preimage f g x g E J means gxg F T

So F J IG
Cor 2 The kernel of a group homomorphism f G H

Thm 11.5 is a normal subgroup of G

Proof en is a normal subgroup of H so by above

Ker f f eh is a normal subgroup of G

Alternateproof see week 8 Practice Problem 4 Solutions



LEIup
consider the wrapping function fat f
f IR GT
f o coso i sino or eio of0151 f 2T

This is a homomorphism because off
f x g e d e e's f x f y

Since f o 1 iff cos0 7 iff o is an integer multiple of 2T

Ker f 2 n ne z

Note Observe that this is a cyclic subgroup of IR

generated by 2T

4T y 2T É0 s 2T 4

Imf e O ER complex numbers w magnitude 1

T the circle group

Lemma Let f G H be a group homomorphism and a b G

flat fcb iff.glffcaerfbtnIqgofkerf
Proof Forward direction suppose f b fca

By Prop 3.21 there exists a unique CE G such that b ac

Then f b flac fla f a f b fa
So fcc ey and ce kerf Thus b as a kerf
So b kerf a ker f
Backward divertion

Suppose a kerf b kerf Then be a kerf

Then b ask where ke kerf that is f k en

So f b flak f a free flat ey fatty



Lemma 4 Let f G H be a group homomorphism and at G

If f a y then f y EG f x y is equal to

a kerf
the coset of Kerf containing a

Proof First prove f y C aker f

Let be f y Then f b y fca

By Lempg 3 b kerf a kerf
Thus b E a kerf

Selond prove f y a kerf

Let ke kerf Then f ak f a fck ye y

So by def ak e f y

Def A function f G H is called a t to 1 function

if the cardinality of f y is t for all yef G

Note A one to one function is injective

Prop5 Let f G H be a group homomorphism where kerf t

Then f is a t to 1 mapping

Pf Let yef G fax EG
meaning y fca for some aeG

Then f y a kerf
the coset of Icefin G containing a

Since f y is a coset of her f f y

has the same cardinality as ker f



let f
f x 4

Ker f x x 1 1 i 1 i

By above Prop we know f is a 4 to 1 mapping
For example let's find the pullback fiber of 2

F 23 all elements that are sent to 2

We know f 42 2 So by above lemma

f 23 42 kerf 42,142 42 192 and

this set is the coset of kerf containing 12

cartoon

12,192 92 its f 42 2

General cartoon f G H

KerII fled

akerf Fca



Def Given a normal subgroup N Δ G

the natural or canonical map
T G GIN

is defined by

Tg gN

Facts The natural mapping IT is a homomorphism
T g g 2 9,92 N g N 2N Hg ga

bggfsmittpifcat.ITs welldefined
The kernel of IT is N

Lote This means every normal subgroup of G

is the kernel of a homomorphism from G

IT is surjective
Each elt in the codomain GIN is of the form

gN g



1st Isomorphism Thm Thm 11.10

1st so Thm
Let f G H is a group homomorphism with K kerf
Note that we've proven that kerf Δ G so Ekig ff.EE pyi.s

agroup

Let i G K It be defined by
gk f g for all gk GIK

Then i is an injection Glk H

In particular we have an isomorphism given by i

GK Imf

1 Prove that i is well defined that def of i depends only on the coset

We need to show that if ak bk then ak bk

Suppose ak bk

By Lemma 3 f a f b
1

so i ak bk

2 Prove that is injective
We need to show that ak i bk implies ak bk

Suppose i bk ak

Then f b f a by def of
Then ak bk byLeng

3

3 Prove that i is a homomorphism

Ycaieedfrt.ms eateftofiff ten grouips that at isk
etabk.iak bk i ab K by def of the binaryoperation of G K

f ab by def of i

f a f b since f is a homomorphism

ak bk by def of E B



4 Prove that i GIK f G is surjective

we need to show that for each he there is gke with i gk h

Let ye Im f By def Im f f g gEG so there is xe G with f x y
Then i xk f x y

Note Con't of 1st Isomorphism Thm

Let f G H be a group homomorphism
and set k Ker f Then

the isomorphism Gker f E f G

f natural onto homomorphism G Gleerf
because

g f G and

HFE

G G f G

k f x

G GIK
The diagram if

called a commutative diagram
t

f G
illustrates the 1st isomorphism Thm

We say the diagram commutes to mean f to T

Note This tells us that every group homomorphism
can be written as a composition

7 homomorphism Conto homomorphism



Applinations of the 1st Isomorphism Thm

Example 7 Prove that Z nz In

Proof Recall that Zn 0 1,2 3 n 1

nz integer multiples of n

nz zez
n o n 2n 3h

Define f Z In

by z 1 z mod n

Let K kerf integer multiples of n n Z

The elements of
qq.EE

g
z are the costs

OtnZ 1 nZ 2 nZ 1 tht
K I K 2 k ntl t k

By the 1st Isomorphism Thm Z nz Im f

But Im f Zn so 2 n2 Zn

Example 2 back to the wrapping function

Consider f IR Cat
f o cos i sino or eio

with Ker f 2T

By the 1st iso tam RA T
the circle

group



Example

Let G be a cyclic group w generator g

Define a map f 2 G by
n g

Then f is a homomorphism since

frontal gmt g g fat flat

f is surjective because by def G g g ntz

If 1g m then gm e and ker f m2

and Zler f 2 2 f d G

by the 1st iso them

If the order of g is infinite
then ker f 03 and

Zarf 2 f 2 G

again by the 1st iso thm



Finite finitely generated abelian groups Sec 13.1

Recall 26 23 22 but 28 22 24
or 22 22 22
because has

3 an ett of order 8 the number 1

3 but
every ett in

22 29 22

satisfies 0

Prop1 a If gcd n m 1 then EnmtZnxZm
I suppose gcd n m 1

1,1 ZnxZm has order nm

Let k be the order of 1,1 ZnxZm
Then 172 4 kik o

This means n divides k and m divides k
So k Icm n m

But since gcd nom 1 1cm n m nm

Since we know from def of direct products that
the order of ZnxZm is nm

CLD must generate Zn Em

So ZnxZm is a cyclic group of order nm

thus it is isomorphic to 2mm



Prop 1 b If Inm ZnxZm then ged n m 1

Pf Suppose Znm EZnxZm
Then Znx 2m has an elt a b of order nm
Since It 2mm has order nm

For convenience switch to multiplicative notation

Let Cn denote a cyclic group of order n and
let cm denote a cycli group of order m

Let e and ez denote the identities of Cn and Cm resp

EEG andanabter 255h that

Then an e and if 0 5 n then a5 e

b ez and if j m then bite
Then the order of a b must be the smallest

multiple of n and of m 1cm n m

Since a b has order nm from
1cm n m nm So the greatest common

divisor of n and m is 1



ii i
a direct product of cyclic groups I e

A Zn Zn Eng
where each n is a prime power
i e n p

di where Pi is prime die Zyo

Up to isomorphism there are 6 abelian groups
of order 200 23 52

By Prime poser 2 2 5.5 By divisors ApplyingPropi

2200,4
28 225 222 55 2200

22 29 225 2 22 55 2100 22

22 22 22 225 2 2 2 55 250 22 22

24025
28 25 25 222 5 5 240 25

22 24 25 25 2 22 5 5 220 210

22 22 22 25 2 2142 5 5 210 210 22

Classification of finitely generated abelian group
Every finitely generated abelian group A is

isomorphic to a great product of ya groups ie

A Efx Em 2n X Eng

Nonabelian
groups are much more mysterious


