

























































































Last updated Oct 18 2024

Abstract Algebra Notes Week 7 Wed Oct 16 2024

External internal direct products Sec 9 2

Given any groups A B we can construct the direct product A B

This is called the external direct product because the new group

A XB is outside of either A and B

We want to be able to reverse this process and produce
an internal direct product when possible

Q Given a group G when can we write it as GEHxk
where H and K are subgroups of G

Ex G 26 0,1 2,3 4,5
H 0 3 3 22

K 0 2,43 427 23

The map f 26 3 2 Lte

o H o o

I 3 4
2 H 0 2 0 2

3 3,0 3194 o 4
5 3 2 3 2 5

all of G

is an isomorphism In this example

H htk hett kek

is equal to G




























































































Ex 2 G Do Id R R R Rt Rt R Rot E Rot 68

f fR.FR fRs fR4 fR53 f R

EyHId R R f fR fR4 f R

K Id R Rs

The map f Dg f R2 x Rs Lote

Id Id Id

R R4 Rs 124 R RF RL R Id R
R Id R Id R R

I i
re

125 R R R R Rs
f Id f

FR fR4 123 fR4 R FR

fR fR Id fR Id fR

fR f R f R fR

fr fR4 Id fR4 Id fR4

fR5 fR R fR R fR5

is an isomorphism all of G

In this example

HK hk heh Kek
is equal to G




























































































Conjugates of an element of a group

Def we say ye G are conjugate in G if gxg y for some ge G
The element gxg is called a conjugate of

Prof Two conjugate elts have the same order HW 3

Conjugacy is an equivalence relation on G

Conjugacy class of x is gxg ge G

Conjugates of a subgroup of a group

Prop If H G and gE G the set

week03 gHg ghg heh
Practise

called a Tonjugate of H
Problems

is a subgroup

Def We say two subgroups H K of G are conjugate in G

if gHg K for some ge G

equality is required not just isomorphism

Prop This relation is an equivalence relation on

the set of subgroups of G




























































































Conjugates of a subgroup of a group

Recall In Dn we have R Id and frif R

f R RifEx In D4
f R F f Id R R R f

f Idf fRf frt FR'f

Id Rs R R

R

R f R R Id f R

Ride RFR

Id FR'R
Id fR

FR
up

If f is the flip I
i

then fR is the flip I




























































































Normal subgroups Sec 10.1

Def Let G be a group and H G a subgroup

We say It is normal if

gH Hg
for all q E G

i.e if all left and right cosets are the same

Notation H G or H G

Rem_ If G is abelian then any subgroup is normal

Ex If H G with G H 2 then HQ G So

An is normal in Sn half of Sn are even half are odd

Effie
EI From HW04 05 H ab Id Cab is netnormal in Sn for n 3

24 27 24 274 but 27 24 24 247




























































































Lemma The following are equivalent FAE

I gH Hg for all ge G i e HQ G
all left cosets are right rosets

HW 04

my e p a g g me

It is closed under conjugation

3 gHg H for all gEG
It has only one conjugate subgroup itself

EI By the same reasoning as the above example for D4
the subgroup H f Id f of Dn n 3

doesn't satisfy condition 3 For example

R f R Id RFR
f because RFR FR R fR frm 2

f
So by the lemma f is It normal in Dn

Recall Lemma for cosets
Lemma 6 3

at bit iff alt bH




























































































Q why normal subgroups

Notation If H is a subgroup of G then

I

mg fffq1 ggq y g

Δ A It allows us the notion of internal direct product
A We would like GH to be a group with binary operation

XH yh xy H

Warning In general this is not well defined

Ex G Dy H f

we want
RH RSA ray

e in D4

But RH Rf H since

RH R e f R RF

RfH Rf e f RF R

so RH RH RFA RH

RFR H
FR'R H
fR H

But fR fR e f fR R

So fR H H

In above example the product A glt depends on

the choice of coset representatives x and y

But normality fixes this issue




























































































Thm Let G be a group and N Q G

hm10.4 1 Coset multiplication in G N cosets of N in G

XN yn xy N

is a well defined binary operation
that is the definition of coset multiplication depends

on only the cosets and not on the coset representatives
2 G N is a group under the binary operation given above
REG mod N

called the quotient group or the factor group of G by N
Proof Let N UN E G N be cosets

Suppose N aN and yN bN

We need to show N yn xyN abN an BN

Then a ExN and be yN
So a xn and b yn for some hiha N

Hence ab myna

ynznz for some n EN since my Ny y N
E xy N due to N being normal

Therefore abN xylll

2 Part 1 tells us the binary operation is well defined

Associativity XN yn zn xyN zN xyz N

XN YN ZN GN yzN xyzN
Identity eN N is the identity
Inverse F N is the inverse of N

since N XN x ̅ N e N N




























































































The quotient of 2 by 42

EI Let G 2 and N 42 4k KEZ Then NΔG

The quotientgroup of 2 by 42 2 42

consists of the following four cosets

0 42 42
1 42 11 4k kez

the identity in

2 42 2 4k KEZ 2,216,10
3 42 3 4k kEZ 1,317,111

Note that 1 42 has order 4

1 42 1 42 2 42 42

Note No elt can have order 3 because of Lagrange's Thm
1 42 1 42 1 42 1 42 4 42 42

So 1 42 2
42 and thus 242 is a cyclicgroupof order 4

Therefore 8 42 is isomorphic to 24























































The quotient of 26 by 0 2,4

EI

23

Recall Fx 1 26 2 3




























































































The quotient of 53 by 123

Ex

Cayley graph of G 53 with generators R 123 f 12

ets asz
eh.si re

1 1

f FR
R
fR127 1231 113

Consider a normal subgroup H 1231 R

which is isomorphic to 23

There are two left cosets e R R and fH f fR fR

so 22

The following visualizes taking quotient of G by H

R
H

Collapse each loset

into

fRf fRYR

Note S3 is not isomorphic to 22 213



Internal direct product Sec 9 2

Back to EXI and Ex 2

Def A group G is called the internal direct product

of H and K if

H and K are normal subgroups of G

2 G HK Recall HK hk hett kek

3 Hnk e

Note If G H K satisfy all three conditions above

then by def G is the internal direct product
of H and K and G is naturally isomorphic
but not equal to the external direct

product of H and K

see Them 9.27

Ex 1 gives us the isomorphism 26 3 2

Ex 2 1 Do f R x Rs

Ex 2

end


