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Abstract Alodc\om Notes  (Week 7 Wed, 0Oct 16 2024

External = internal direce FroJuc-és (Sec 7. 2\

GTVe.V\ f::j 3rou:\>£ /AY)B) we can ConStruct the ol?reC{: Ffaa’uc{—, A—X&

This is called “he exterval divect product [Eecﬂuse_ the neco grout

Ax® s "outside" of either A and ]5>

We want +o be able +o reVerse this Fr‘oc/e_ss and Trooluce_

an "Tnternal® divect *Froaﬂuc_{,, when ?ogs?\gle_.

Q: Given a group G, when Can we write it as G ZFHxK,

whevre H an& K ave SMb\ijMTS °'F G— ?,

Ext G:Zé;{o) ) 9-)5>4)§3
H=10,3)= &= 22

K= Jo, 1‘+}:<2>A5 2y

T he maF -FI Zé —> <$>K<2> Note :
o > (o, 0) 0 +0 =D
Lo (3, 4) 2+ 431
2 > (0, 2) 0+ 292
3 +—> (3%,0) 2 +033
P oW ot Naer e
5 C;) 2’) 2+235

S an iSomngwsm_
lVl “l'(/ﬁ& c;corrv\'F[&J

ek {nrks ne Hy kek
is E?/ual —+o &



Exe  G=b, = {1y R, R5 R RE R

FooR R, 168 2R 225 T = <ER) foon
()
He L R 0t f, R Fr83=CF R

k= {1y = Ry

The wap f: D, —> <-F,R2> X <Kg>
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Re Rot (2] )< Rot (45)

Note :
4 4= [1d
R+ R*:=  K=R
Rp_ d = RL
4 RP= R
R 10 = R
R”® R = ®
f o= ¢
£RER -
£RT 1= fR°
fOR - R

fRE 1 = £Rrf
FRY R =) R
dl of G
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60 "g Mﬂm‘bﬁ s O-F an elerent °‘<\ a Q‘roq?

Def e Say x,Ye & are  confupate ™ & if 3><3"=tj —@r Come ge &

The element 4X§'  is called a Confugabe of x

Eji . Two CMJu@a-ee_ elts have the Coame order [HWO%

’ Cajujaaj is an t%mi(/nlemae_ velation on G .
avwru(qalcq ¢ lace o7L‘ X s [3Xj“’ Fo9¢€ @?

Co@uﬂw&es of a2 sdegreup K a Ao

Poe W H £ G ad qel, e set
def -
( e g = Lahg' heH]

Practice

Called a ConTugate o H
Problems > U3 £

s a QU\b:JrOMF.

Def < We s,;.% +wo SubﬂrouFS H)K of G are c::n['ugatﬁ in &
EF @HW—I;K or Some ﬂé &

Ubw,,lh‘a is rcabw’md, not just iSoror phism

R’oi This rvelation s an e_abu?\mle_mce, Yelation on

“\'(/\c Set °J€ Qubarost OF &



&Vj(/lﬂa‘(jes O-F a SmbjrouF o-(‘ a Q\rcq?

M: ll" Dn) we L‘QV& 1

R'=td ad LRF=R
Ex I De, (48 = K'f)
CERY T s FLU R RN g

< [ F o, rf R ERYY

L, R,OR RS

= LRy
CRGYE s R T IR
=R R
= L1 RS
= L ey
- 4R
|
Pf s e fip |
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dhen FRis e Flp [ — 1




Nov mMa | Su(oanf‘ou%& (Sec (o 7>

:DC]C [ et G be a a,row_‘; and H éG— a Suka,rou:F.

We Sag, H is noremal IF

‘(:,r all ] € &

(f,c, if all lef£ and r?‘aﬁl{— CoSets are the .Same)

Notation: H<|G ov HQG’

Rcm IF G s abu[farl) '(:he,n any. Sufoa,rouF is no v | .
Ex If H<G with [GH]<2 | +hen HAG. S

X An ic aormal n S, (lm[{—‘ of S, oare even L\ﬂ[-P are oclch

£ o= {1 R, RS- R ] s woveal 0 D,
-

\r\ml{; +he elements ™ D,

E_)_(_ From  HW 04&05) H= <(afa)>—‘ {H) &L)] s r;—f’ morwa[ Tn SM ‘ﬁr n> 3,

)0y L0®, (23D} Lut L2y (29 =G, G1D}



Lermva  The -Fol[o.,o'mﬁ ace E%UT\/alC.l’Tt (T FA E)“
@ &H:Hq' FE(- all %e G_ [f.& H QG—>

“all le,]C-[— Cocets are rmh-{r coSets”
Hw 04

@ ghe'eH for all §€ G and heH

”H is closed under Cow\il/\ﬁa\-(:fon"

@ %Hg_l=[—[ {or all %66—

"H nas onlg’ one Co"‘j“ﬂﬁ‘bc Su(oaxf‘ouF) H’Se,[_'C"

Ex By the same Veasoning as Ahe above exanmle for Dg
the subgeoup H=ED=LI,F) f Dy (aye)
doesnt satisfy condition (3). For example,
RyE' = {1, ppet ]
7 LY becouse REE < fRE = LRS- LRI # 0
Soyby the lemma, {FP= s mot woremal in Da.

Recall Lemrvwr_ 7[;)” CoSets : ((/ﬁ . 3>
aec bH i all =LH




Q? U)hé normal Subaroqu 2
Notation: |]C H is 4 S“bgro"‘? of él) then

& ﬁfzfgL;;?e &

ic the set of left cosets o H in &

A: It allows us +e notion of inferaal direct ]br‘ao!uc—"t
AR A

(XH) (lg H>= O<y) H
Warn?rgf [n Gel/le,fo‘/) “{'(/u's s wot we(l—oa&-[/:?nec/,
B G=Py, H: <D

- $_ D
Since R =€ 7n
We want !

(Rt (R2H) - &*ch L-H

But RH= Rf H <ince
ti=rfe, £ 1= LR RE]
RH={e £} = [RE, R

So GO = (e H) ()
= RERH

—l 3

=fRRH

= LR H
put = ferfe, £1= [oes 2t
Se  ARH#H,

[n absve c;éamf(c) +he Ffaa@u_c{: Cx/—f}(gﬁ‘) AE}rQnoLS on

~e Choice D'F coset r‘&?re,sen’i“a—{-i\/&g [)( and g),

15 ut VID{M&T[;“F% _pxe_s His Teswe.



md N &

N

Thm et & be a group
(Th D) Cose mul¥i plication in G/ =—[wsaés -+ N in 6*?

GNYCyN) = () N
S a we,[l-'J(e_;anwl ETmarﬂ, orcr‘a-&?on
(’Hf\a‘[' iS) the Ae;anH-?on o-F CoSet mul+i-1>lu'ca+for) OI‘Q-PQV‘AS

on onllér ‘e cosets and wnot on the Coset reFresenta{ives.)

@ G/N s a 8“’“? undexr the bTﬂar% OFQX‘&'&,(-OJF\ given above

Read (5 wrod N
called “he guoticot gqroup [(or the Lactor qrcqp} of & ‘°'~3, N
v S \ T N ~

Trof @ Let xN, yN € G be cosets.
Suﬂwse xN=aN and ﬂN: bLN.
(We eed o shos (NIGN)= <gN= abN = (an) (V)

Then a4 € xN and beyN.
19:5”9. %,,«- Come Y\1)Yll & N

go a = XWI ano‘

He,mcc a‘o = XHI%HQ_
—@r some ¢ N, Since ny € NU:UN

= X lén; Ny
due to N bc?% nornna |

€ xy N
’rhc(oﬁre_ ab N = Xg)\]
O

@ Tare 1 Helle us  the Io?fwufj o‘rcm‘ﬁon s well-defy ned.
(ASSOCTW{'TVHQ:> ((xN)((jN)) (z(\/):ég N)(z{\}): Xyz N

[xN)(erI\D(zN% =C><N>(3ZN>=XQZN
([Oicm{»’r‘/cé,) e,N=N is the Tolen-&H:«g,

(llnvgrsc> X'N s +he Tnverse O-F ><N)

STnce &N>()((N>: xxX"N=eN=N ]



T(ne/ %mo—#?e_n—ﬁ C’—F Z lOté 4‘Z

Ex  Let 62, N=4Z = [4r:€e2ZF  Toen Nd &
The ZMD"Lie—n'&j)’oMF of Z 57— 4’Z> 2/42)

conSTSHS "'F —+the —Fa [(oevi (\9&_ —-F;Vl\" Coletg :

0+4Z =4Z = {048 ) e tentity i %
1 +4z =[1+4kkez] = [ -3 05,7, 3
2+ 4z = |2+ 4k kez] = [ ... r2,256,l0,..}
e 4= [3rdkiez )= f -1, E, 0L )

Note ~tbat 14'4’2 has  order 4 :

(1+42) + (1+42) = 2t42 #* 42

[[\lo‘t’af No elt can lave ordec 2 because of Cﬁg(m«aefg Thm)

(14—42)4— (l+42)+ (1+t42) + (1+42) = 4+ 42 = 42

§o <[ +4Z>: 2/4_2 )m.ol —+thus %ZZ T a Cf{C{'-Cj“’WF u-]’:\ ocdec 4,4
/((nc'.m—(%(a 2/42 e fSomeFlarc t- 24,



/([/lt %{AO%T@,V“’E D-F Z—é ELa, {O) 2)4(}

Ex

—_—

Consider the group G = Zg and its normal subgroup H = (2) = {0, 2,4}“:—23

Collapse cosets
into single nodes

There are two (left) cosets: H = {0,2,4} and 1+ H = {1,3,5}.

The following diagram shows how to take a quotient of Zg by H.

© @
3 D

Zg organized by the Left cosets of H
subgroup H = (2) are near each other

In this example, the resulting diagram is a Cayley diagram. So, we can'divide Zg by
(2), and we see that Ze/H is isomorphic to Zo,.

Recall Ex 1: Z(o = <9—> < <3>



The quolient o Su by <D

Ex
Cﬂ{j[e/tj 3rq(>\n of (= S3 with %cmcra;f‘ors R =Gz ) -F= 2
e (25— (152) ¢ = R —>R
(1) (12) PR
R

Consider g noreal subgroup H=Crexp= oy
which s Soworphic  to - .

¢ There are doo left cosets i He L& RRY and LH= {4,747,
w Sf =z,

e The —Fol(ow?ma_ visualizes 'takin%, %uo'él'e,n{ of G ‘°2 H:

kS

e Tk R
Colla pse tach CoSet

inlo a C'malg vertex
/\/‘v\%
FR

AR

* Note SB is  not )somarrlaic, +o Z, x 23



\V\‘l’e(rf\ml dicect e duct (gec, 7 9 >

Back 46 Ex 1 and Ex 2

\,Dc.f A greup & s called —the Tntecna| dicect }FOoQuC:t

of H oand K if .

@ H and K are norpal EMbﬂ(OU?S of G

de.
@ G = Hk ((ie,cau: HKz‘th/a: lneHD/&éK>
® Haok = [}

No-e |]C G> Hﬂ(( SM‘}TS-Fj all —three conditions above

)
~then 195 def & IS “the Tntermal dicect proluct
of H and £, and & i momlurmllq_ (Soror phic
(but ot equal ) Ao the  exteraal divect
T”olu&f: of H and K.
(see Tham 9.27)
Ex1  gives us fhe Tomor phis v Ly = oy =2

D, = (f,R) < R

Example 9.24 The group U(8) is the internal direct product of

Ex o I

H=1{1,3} and K ={1,5}.

O

Example 9.25 The dihedral group Dg is an internal direct product of its two subgroups
H = {id,7*} and K = {id,r* %, s,r%s,r1s}.

<:E>< 2_) o ) '
IT can easily be shown that K = S3; consequently, Dg = Zg x S3. O
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