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Abstract Algebra Notes Week 6 Wed Oct 9 2024

Group of complex numbers Sec 4.2

complex numbers at bi a beR where is 7
1

real part imaginary part
Cartesian rectangular polar coordinates

coordinates
y n ya

b

y
Z at bi r Coso i sino reio

z Jakbt a r cost
called absolute value or modulus or magnitude of z b r sin

Thy 1 e eid e
0 9

2 If z reio then zh rheino

3 Ae o Beice AB e
0 6

j0 a i e

Def 140 is a group w multiplication as group operation

Identity 1

The inverse of z at bi re is z f éio



Some subgroups of

I IR IR 03 yn
2 Q Q to

e
io

3 The circle group zee take i

T lontains 1 1 i i i cos E isin et

All of these subgroups above have infinite order

4 The subset H 1 1 i i of the circle group
is a subgroup It's a cyclic group generated

yn.ee
by i or i At

i it
Li nee

Note that each elt of H satisfies the equation 24 1

Def Thm If my 2 the n th roots of unity are the

complex numbers satisfying the equation z 1

n th roots of unity ei k o1,2 in i

The n th roots of unity form a cyclic group of T
of order n A generator for this group is called
a primitive n th root of unity

Ex 5th roots of unity 1 e e e e

All 5 th roots of unity except 1 is primitive

Ex i and I are primitive 4th roots of unity



Homomorphisms isomorphisms Ch 9 and 11

Def Let f A B be a function
The image of f denoted Imf or f A is

the subset f a aEA of B

Let C C B

The preimage of
C under f denoted f C is

the subset aeA f a EC of A

When C is a singleton set C b

the preimage F b aeA flat b is called

the fiber of b under f

Def Let CG and H be groups

A group homomorphism is a function

Pq 41 such that

Q g g 9 g 0 92 for all 91,92 E G
opetration operation
in G in H

If the homomorphism is also a bijection
then q is called an isomorphism and

we write GEH and say G is isomorphic to H

An isomorphism from G to itself is called
an automorphism of G

The kernel of a is a e geG 9 g en

Notation Ker Q



Ex 9 X Dy defined by
K H RK where R is a rotation by

2
in Dg

is a homomorphism which is not injective and not surjective

Proof

Q is a homomorphism For all k l 2 we have

a K 1 Rktl Rk Rl 9 k a e

It's not injective eg 6 2 R R R R 9 6 but 21 6 in 2

It's also not surjective 9 2 doesn't contain any reflection

Not

Ker Q 42 4,0 4,8

Imp Rotations by 0 E T E



EI 0 23 Dz defined by
K RK where R is a rotation by in Dz

is an injective homomorphism which is not surjective

Visualization

21 41 D p fJ
one of the flips

7 Y fyR one

2 l

122
f R

y
2

Remark Dz contains a subgroup R e R R which

is identical in structure to 23
We say the structure of 23 shows up in Ds

we say 2 embeds into Ds as a subgroup

Def An injective homomorphism is also called an embedding

A surjective homomorphism also has a special visual and name

but we need more background before we're ready to discuss it



Im Suppose G a is a cyclic group
Thm9.7 Then either a has infinite or finite order n

9.8

If la as then 9 2 G
K A ak

is an isomorphisixonent laws

Proof a k e akth ak.at a a a e

So Q is a homomorphism
To show Q is injective Let Q k Q e

Then ak al

ak at e

an l
e

Since a is of infinite order k l must be 0 so kely
To show a is surjentive Every elt of G is

of the form a for some KEZ

so Q k ak

Similarly if la n then 9 Zn G
k ak

is an isomorphism

Ex U 9 1,2,45,7 8 27

Since the order of 2 in U 9 is 6

U 9 26



Prof let G H K be groups

I idg G G is an isomorphism

Pf idg a homomorphism idg ab ab idg a idg b

idg a bijection
2 If Q G H is an isomorphism then

the inverse bijection 6 is also an isomorphism

Pf The inverse bijection Q is a bijection

Given aideH c Q a and d Q b for some a be G
since Q is a bijection

Then Q ab Q a q b since a is a homomorphism
C d

So a c d ab g c a d and thus It is a homomorphism

3 The composition of two isomorphisms is also an isomorphism

If G H and H K are isomorphisms

then Yog G K is an isomorphism

Proof Composition of bijections is a bijection

For a be G p abl Y Q a Q b since a is a homomorphism

Y 6cal Y Q b since y is a homomorphisms

Remark The set Aut G automorphisms of G forms a group
under composition It's called the automorphism group of G



Prop is an equivalence relation on the set of all groups

Proof 1 reflexivity G E G since idg is an isomorphism

2 symmetry if GEH then HE G

since if Q G H is an isomorphism
then q G is an isomorphism

3 transitivity If GEH and HEK then G K

since if G H and H K are isomorphisms

then Yog G K is an isomorphism

The equivalence classes of are called isomorphism classes

Goal Classify all groups up to isomorphism
i e describe all isomorphism classes

Thm 2

Up to isomorphism there is only one cyclicgroup of infinite order

and only one cyclic group of order n

If Thm I tells us that all cyclic groups of infinite order

are isomorphic to 2 and all cyclic groups of order n

are isomorphic to Zn

Thm 3 Up to isomorphism there is only one group of prime order

the isomorphism class containing Ip
Def V4 e a b c is the group w

multiplication Cayley table eabc

is
bbcea
Cibae



The 4 Up to isomorphism there are two groups of order 4
24 and V4

I

EI Other groups isomorphic to 24
Id R R R Dg
Rott

900

Id 1263 6 23 3621 1263 43621 from Quito

U 5 7,2 3,4 2 3 fromQuiz02

Other groups isomorphic to V9

the 2 light switch group from Day 1
22 22 Coo 107 Col CD

UCS
U 12

Id R f FR Dg
Rott

900 any flip
Id 12734 43 24 4 23 54

Proof of Them 4 Suppose G is a group of order 4
Case 1 G contains an elt g of order 4
Then g is a subgroup of order 4 so g G

Every cyclic group of order 4 is isomorphic to 24by
Thm2

Casey G contains no elt of order 4

By Lagrange's Thm 191 2 for all non identity ge G
So g g for all ge G



Claim If x y E G are distinct non identity elts
then xy is the third non identity elt

Proclaim Suppose x y are distinct non identity elts in G

If xy e then y x ̅ x giving a contradiction

If xy x then y e
giving a contradiction

If xy y then x e giving a contradiction

So xy must be the third non identity elt

So this group has the same multiplication table as V4
Thus G V4

Laim 24 is not isomorphic to V4

I Suppose 24 V4 is an isomorphism

Case 6 1 e Then Q 2 9 1 1 a 9 1 ee e Qa

HavingQ 2 9 1 means is not injective
So 1 e

Case a 1 e Then Q 1 x where a b or c

Then 9 3 Q 1 1 1
Q 1 QCDQa

1 1 2
QC

Having Q 3 Q 1 means a is not injective
In both cases Q is not a bijection
So there is no isomorphism from 24 to V4

claim

end of proof of Thm 4



Prof Let Q G H be a homomorphism of groups

Prop11.4 1 9 sends cg to 9H

Thm 11.5 2 For each e G Q x 1 Q x1

3 If K is a subgroup of G then

the image k is a subgroup of H

4 If J is a subgroup of H then

the preimage Q J is a subgroup of G

5 Ker p is a subgroup of G

Proof 1 to 4 Prop11.4

Proof of 5 The identity lot ker since Q e ey by a

Closure Suppose x.ge Kera Then Q xy A Q g eye CH
so y Ker Q

inverses Given Ekery we need to show that x ̅ E Ker Q

QQ 1 O x by 2

H since Eker a

EH

If Q G H is an injective group homomorphism
then G G


