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Abstract Algebra Notes Week 5 Wed Oct 2 2024

Recall Lemma Book Lemma 6 3

Let G be a group H a subgroup and a b E G

Then the following conditions are equivalent
I aH bH 2 Ha H5 3 alt C bit

4 be alt 5 a belt

Recall Im Lagrange Thm 6.10

Let G be a finite group H a subgroup

Then 19 G H In particular 1H divides Gl

Cort Let G be a finite ge G Then Igl divides G1
Cor6.17 Proof Exercise

44 2
If 16 p is prime then Every group of

1 G is cyclic prime order

2
any non identity ge G is a generator

is 9 c

P
Since p 2 there is some non identity ge G

Then 191 divides p by above Cor 1

Since g e 1g 1 so 1g p

Therefore g has order p so g G



Cor If K H G

Cor 6 13 K is a subgroup of H and H is a subgroup of G

then G K G H H K

Proof G k 1
1 191.111 GH H K

Dihedral groups Sec 5 2 Let n 3

Dn group of symmetries of a regular n gon n 3

Prof Let R denote the counterclockwise rotation by
2

and f any reflection across a line of symmetry
Then I Dn Id R R Rn _rotations including Id

reflections T.ee ethst n'InteRi are distinctflips
The powers of R are rotations

fR are reflections

2 The order of each reflection is 2

The order of R is n so R R
1

R Rn i

Remark Part 1 of Prop above tells us that every
element of Dn is a product of R and f
We say Dn is generated by R and f



Remark Since reflection 2

we have Rf Rf f R fr

These are So Rf fR equivalently frf R
called
relations.si larly Rif fr i equivalently frif R

Prof Dn is not abelian

Proof f FR f R R but R f R f f Rn
1

Since n 3 R and R are distinct

Corollary Dn is not cyclic



Generators and Cayley diagrams

Ief Let G be a group and let S be a subset of G

We say that S is a generating set of G

or S is a set of generators for G

if every elt in G is a finite product of
elts in S and their inverses Notation G S

Ex Dn Rot E f where f is any specific flip

Ey Sn all transpositions 12 23 n t n

54 12 23 34 53 4427,623

EI 2 1 G 1 2,3 7,127 213,5

Def S is called minimal if no proper subset of S

different than minimum
is a generating set of G

EI 2,33 2.3.53 13 are all generating sets of 2
2,33 and 1 are both minimal and 213,5 is not minimal

Def Given a group G and a set of generators S

a Cayley diagram or Cayley graph consists of



1 vertices all elts of G

2 colored or labeled arrows all elts in generating set S

write 9

I Liff h y for some he s
eans multiplying

Note Following an h arrow backwards means

multiplying on the right by h
h

y means y5

If in addition h is its own inverse then we

have h y iff hh yh

y or 4h y

Our convention is to drop the tips on all

these two way arrows h
g

EI Cayley diagram for generating set 12 123 of

53 T2 123
The same graph rearranged

132

13

23 32



Vote A Cayley diagram can be used as a group calculator
start at e then chase the sequence through the Cayleygraph
what is RRfRRRRf equal to Ans 123
what is RRfRRRRfR equal to Ans e

Note we can use a Cayley diagram to see

the cyclic subgroup x generated by an elt

Draw the path from e to then

repeat the same path until we return to e

Notation For this visual reason we will refer to x as

the orbit

EI The orbit of 132 is 132 R2 e R R e 4323,42s

The orbit of 13 is 1377 4Rf7 e Rf e is

fR
We can visualize these orbits in an orbit graph

Every elf will be part of at least one orbit

Each cycle represents an orbit

The orbit graph of Ss 4

19

321
237

Ss has five distinct orbits including Id



We can visualize subgroups and cosets

the subgroup A 123 of Sg The two left cosets of A

4 es 4 es

d I
anA yes 32

Prof If G H 2 then gH Hg for all gEG
number of left cosets

BEIK fifth it ftp.T Ii 8
So glt Hg

the subgroup 127of S3 The three left cosets of H

4 es antes
y app y any

623 32 23H 23 32 132 H

Note To visualize the left coset gH in a Cayleygraph
start from vertex g and follow all paths in H
Compare the left and right cosets 123 H vs H 123

Left coset R f the vertices Right coset f R the vertices
the f arrows can reach after

i 9h
reach frog

the path to R has been Fowed
4 es 42 es

did
623 32 32

The left cosets of H look The right cosets are usually

II t.E.tn convent mean.is multiplicati



Cayley diagrams of direct products
Let A B be groups and let ea epsdenote the identities ofA B respectively

Given a Cayley diagram of group A w generators 91,92 9k and

a Cayley diagram of group B w generators be be be
we can construct a Cayley diagram for direct product AxB
Vertices a b for each aeA be B

often arranged in a rectangulargrid
Generators Can B CareB and ea.br CA.be

Ex Cayley diagram for 23 with generator 1

2

Cayley diagram for 22 with generator 1 0 I

Cayley diagram of 23 22 w generators 0,1 and 1,0

Ro Coils

c
401

1281 1

Prof If It A and K B then H K is a subgroup of AxB

Ex 2 0 is a subgroup of 23 22
0 2,4 0,3 is a subgroup of 26 26



EI Cayley diagram for generating set 10,1 1,0 of

23 22 1 41

1 01 4,1

the same graph rearranged

y
0,0

I
101 4111G

km
2,07 1,0

Vote To check that a group G is abelian it suffices
to check that ab ba for all generators of G Why

1 The pattern never appears in the Cayley
graph of an abelian group

2 The pattern f tells us ab ba

E 23 22 is abelian and pattern j.IT doesn't appear
but S3 is not abelian and pattern j.IT does appear

Group exercise Draw the Cayley diagram for
24 22 using S 1,0 0,1

Dq using S R f where R Rot 900 f horizontal flip
Is using S 3 HE



EI Dz has 6 elts

1 Identity
2 Counterclockwise rotation by R I Is
3 Counterclockwise rotation by RR 13

4 Negative slope mirror flip f I

5 Positive slope mirror flip f2 13

6 Vertical mirror flip fs 123 341

Compositions of f and fa give us all other motions

Another generating set for Dz is 5 fi.fr
The Cayleygraph for fifa is below

4
init fiofz.fi init

fzofi.fr init

A
R init f2of init Is RR init fifa init

H2 f

I

initial state



List of examples so far

Group order Abelian

yesan n

yesas

Ucn of Ke n yes
relatively prime
with n

152 IR as yes

citic Sn n No for n 3
for 73

15 2 Dn n 3 2n No

415,4 f No for n 4

259 GL2
R as No

end of file


