
 
Document last updated Mon Sep 30 2024

Abstract Algebra Notes

Week 4 Wed Sep 25 2024

Symmetric group Sec 5 1 Notation In 1,2 n

denoted SnThe symmetric 501 t

e letters are 1121 infor convenience

under function compositionis the set of

t.ee

Motivation Every finite group is the same as

a subgroup of Sn Cayley's Thm Sec 9.1

Ex Symmetry A D is 53

Ex Symmetry Dq is a subgroup of 54 when viewed as follows

Initial state

90 CCRotation can beviewed as permutation 4 1234

Exercise Check that the other
rotations are p2 and p3 and Id

Vertical flip reflection across a horizontal mirror f mirror
ran be viewed as permutation 5 2763427

649 6,9
Exercise The other reflections

are 14 23 24 and 13
Check These eight permutations form a group

Ex 26 0 1,2 3,4 5 can be viewed as the cyclic group T

generated by r 1267645 or a

a



Pre A K cycle in Sn has order k

Proof Let t Canas and be a k cycle of f
For it k 1 we have Fi an ait a so ri Id

But skcan ay 8k as 92 Okcard 9k so ok Id

Therefore 18 k

Prof The inverse of a k cycle a 92 Ak is

the opposite k cycle 9k 9291

EI 6 1265 T1 1562 OF Id

1 2 1 2

5 6 6

Prop Disjoint cycles tommute so the order of the disjoint

1456 237 237 1456
cycles doesn't matter

Thm Every of S is the product of disjoint cycles

Elements of S3 Id 12 237 13 123 132

1 2 3 1273 1 23 3 2 123 132

Ex The elts of 54 by cycle type
cycle type Types permutations count

l il Id 1 2 3 4 1

2 711 Einp s 127,43 164 6

3,1 3 cycles 123 2 43 8

4 G cycles 1234 14327 6

212 2,2 cycles 1276347 4376247 4 23 3
4

24 4



Pry The order of 0 is the least common multiple of the cycle lengths

Proof Write Ym as disjoint cycles T1 T2 Tm

Then ok T Tz Ym k

TakTak Tmk because disjoint cycles commute

Tik Id iff k is a multiple of the length of Ti
So of is the smallest positive integer which is a multiple

of every cycle length

Def A 2 cycle is also called a transposition

Prop Every cycle is a product of transpositions

EI 12345 12 23 34 45
12345 5 14 3 12

12345 15 23 14 1276342

Proof Let f a 92 9k be a k cycle

Then f 9,92 Azaz 939g _Car 19k

Since every re Sn is a product of cycles
every r e Sn can be written as a product of transpositions

Note This product is not unique as the example show

The Sn is generated by transpositions



The let Te Sn Then either

every expression of T as a product of 2 cycles
has an even number of 2 cycles
in this case o is called an even permutation

OR

every expression of T as a product of 2 cycles
has an odd number of 2 cycles
f is called an odd permutation

Whether T is even or odd depends on the cycle type

Ex 12345 1276237634 45 is an even permutation

Ex The elts of 54 by cycle type
cycle type Types permutations count

Even t t t t Id 1 2 3 4 1

odd 2 711 I p s 127 43 64 6

Even 3,1 3 cycles 123 2 43 8

odd 4 4 cycles 1234 14327 6

Even 212 2,2 cycles 1276347 13724 4 23 3

24 4

the the set An even permutations in Sn
is a subgroup of Sn

Get
An is called the alternating group on In



PI Id can be written as the product of
0 transpositions so it's an even permutation

Closure The product of two even

permutations is also even

Inverse If re An then 8 can be

written as a product 982 F

of transpositions where r is even

Then F or or 029

so T is also in An

Prot The number of even permutations in Sn n 2

is equal to the number of odd permutations
so An

Proof let Bn odd permutations in Sn

We will give a bijection from An to Bn
Let f An Bn

f a 12 5

To prove that f is injective let f Ñ f
Then 12 T 12

Multiply on the left by 12

12 12 T 2 12 T1

IT



To prove that f is surjective let its c Bn

Then w can be expressed as w w Wr
where the Wi are transpositions and r is odd

Then iz w is an even permutation and we have

f C a w as needed

EI Ag has 12 elts count

Id Id I

3 cycles six of them 6

2,2 cycles 12 34 137624 14763 3

Pro The twelve rotations of a regular tetahedron

can be described as elts of Ag
4

123

fixed 6446347

2114
Remark Many molecules w chemical formulas of

the form AB4 such as methane CH4 and

carbon tetrachloride CCI have A4 as

their rotational symmetry group



Motivation Lagrange's Thm order of a subgroup
divides the order of the group

Cosets Sec 6 1 Lagrange's Thm Sec 6 2

Warm up Given a subgroup H of a group
we can define an equivalence relation I on G

as follows
TY iff x ̅ y E H

L stands for left

Ex If H e then Ty iff x'̅y e iff x y

So each equivalence class has exactly one elt

If H G then Try for all x y E G

so there is exactly one equivalence class and

it contains all elts of G

In general for a subgroup H what are the equivalence

classes corresponding to this equivalence relation I

Answer Given ge G the class g containing g is

g y
EG 92

EG g EH



E G I'x h for some heh

E G x gh for some heh

A natural way to denote this equivalence class is gH

Def Let G be a group H a subgroup 9 6

The left coset of H in G containing g
or with representative g is

gH gh he

Similarly the right coset of It containing g is

Hgᵈ ng HEH

Note If G is abelian gH Hg
Then Let G be a group H a subgroup

The left cosets of H in G partition G

The left cosets are equivalence classes for T

gH 9 L

Note eH It is the only coset which is a group

EI 6 53 H 127 Id 42

Left cosets of It in G

I H e 12 eH GDH H
2 13 637 123 H 43

3 23 H 23 132 EDH



Right cosets of H in G different
I H e 12 eH GOH H
2 H 13 13 1327 H 132 43

3 H 23 23 123 HC 23 63

EI G S K 4423 e 123 1327 As everyperegutations

Left cosets of K in G

I K 123 132 123 K 132 k e 423 132

2 427K 9271,2 3
23 K 137K 12 23 43

Right cosets of K in G the same

1 K 123 132 K 123 K 132
e 423 132

12 23 13
2 Kaz 12 23 13 K 23 K 13

Ex G Z H 42 4k KEZ

Left also right cosets of H in G

1 42 8 4 0 4 8 All integers
appear in

2 1 42 7 3 1 59 my infinite
3 2 42 6 2 2 6 10 array

4 3 421 5 1 3 7 11



Lemma Book Lemma 6 3

Let G be a group H a subgroup and a b 6

Then the following conditions are equivalent

1 att bit

2 Ha H5

3 alt C bH

4 b E a H

5 a be H

proof We prove 1 implies 2

Suppose at bH

First we will show Ha CH 5

Let Ha Goal show 5

Since alt bit we have a at bhb for some hbelt
Then had for some haelt ince Ha

ha his 5 since a bh

Chahs 5

H 5 since ha hi H
So Ha CH 5

Exercise prove that H5 CH a to finish
the proof that 1 implies 2



1 implies 3 by definition

We
prove that

3 implies 1

Suppose attC bit we need to show bH Catt

Let xebH Goal show E alt

Since at Cblt we have a de bh for some hett
so at b

Then bh for some hzEH since blt

ahi hz since b ahi

aChiha
att since hitha EH

We prove that 5 implies 4
a belt beatt

Suppose a b E H

Then a b h for some he
So b ah implying beatt

Exercise prove the rest



Def Let G be a group H a subgroup
The index of H in G denoted G H

is the number of left cosets of H in G

Them Book Thm 6.8

The number of left cosets of H in G is the same as

the number of right cosets of H in G

So G H is also the number of right cosets of H in G

Proof
Define a map f left cosets right cosets

by f glt Hg
and we'll prove that it's a bijection

We need to check that this map is well defined

that is we need to check that

9,4 924 implies f gilt f gzH

By Lemma 6.3 if gilt 924 then Hg Hgs so flg.lt f9zH

To show that f is injective suppose f 9 H f gzH
Then Hgt Hgs By Lemma 6.3 we have gilt galt

The map is surjective since f glt Hg



Prop Book Prop 6.9

Let G be a group H a subgroup g E G Then 19H H

Proof
Define a map f lt gH

by f h gh
and we'll prove that it's a bijection

To show that f is injective suppose f h fChz
Then 9h ghz Multiplying by g on the left

gives us hi ha

The map is surjective since every elt of 9H

is of the form gh for some hett and gh f h

By a similar argument prove Hg HI

1hm Lagrange Thm 6.10

Let G be a finite group H a subgroup

Then
19 G H

In particular 1H divides Gl

The group G is partitioned into G H

distinct left cosets Each left coset has HI
elts Hence 161 G H H


