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Abstract Algebra Notes

Week 3 Wed Sep 18 2024

I
break before

due by email
lecture laws of exponent wed Quiz 3

If Jyption Topic today'sgroup quiz

Group quiz

Def A subset of S is called proper if it's not equal to S

If G group
The subgroup e is called the trivial subgroup of G

A subgroup of G is called proper if it's a proper subset of C



Let 52 5k KEZ be the set of all multiples of 5

Then 1 Of 52

2 52 is closed under 5K 5kz 5 Kitka

3 52 is closed under taking inverses

Inverse of 5k is 5K 5GK E 52

Thus 52,5 shgroup of

Prof By the same reasoning for any fixed ne 2

the set n Z nk k of allmultiples of n

is also a subgroup of 2

Ex Subgroups of 24 0,1 2,3

24
1 No other proper subgroup H because

0,2 if s H

G
This is called the subgroup lattice Writing means It G

E Subgroup lattice of U 8 1,3 5,7
U 8

In
1113 1,53 11177

it
Remark Both 24 and 4610 are both groups of order 4

but we know they are not the same

because they have distinct subgroup lattices



Principle of Wellordering

If S is a non empty subset of the natural numbers IN

then S has a least element

The Principle of Wellordering is equivalent to the

Principle of Mathematical Induction

Principle of Mathematical Induction

Let P n be a statement which depends on n

IF P no is true base case

For every k no PCK implies PCK 1 inductive step

THEN PCN is true for all n no



Law of exponents see Sec 3 2

Recall 9 1jan
I I'jg 515 go e

Thm I Let G be agroup g E G

Then g g for ne IN

Proof we will apply induction on n

Base case n 1 g1 1 g 1 91 by def

Inductive step Inductivehypothesis

suppose for some KEIN that gk 1
g
k
g
1 k

we need to show 9
1

g
Rti
g 1 kt

8 1 1
g gk by def

gk g by socks shoes property of
inverses

g 9
1
by the inductive hypothesis

g
1 by def

Thm 2 Let G be a group ge G
Then gmt gmg for all mine 2

Proof long Proof idea Induction on n for me Z ne IN
Do the case MEZ ne Z o separately

case me 2 n o
g

to
gme gmg since go fe



case M E Z MEIN We will prove this by induction on n

Base case n 1

if m o then got eg gog

if myo then g
qq.fims

gm9 by def

Also 5 6 G 5

so g g
Cm 1

me

is

g mg g mg

This shows that for all mez gmt 9mg

Induction step
Suppose that for some k 1 we have

gmtk 9 gk we need to prove gmtk gmgk

gmtk gmtk g by the base case

gmgk.gl by the inductive hypothesis

9m9kt by the base case

Thus by induction

for all MEZ we have gmth gmgn for me IN



case M E Z N O

We will show gm gm g
n for any integer n 1

9m gm
ntn

gm g by

Multiply on the right by g
h

9mg gm g g
n

gmg gm g by above Thm 1

So gmg gm
n

This concludes the proof that

for any mine 2 we have 95th gmg
end of proof of Thm 2



Thm 3 Let G be a group g E G

Then gm 9mn for mine

Pf Case n o or m o

If no then g g e go gmo gun for all me Z
Similar argument for when m o

case me 2 n t IN

We will prove this by induction on n

Base case n 1 For all me 2 g gm gm
Induction step
Suppose that for some k 1 we have

g
k 95k we need to prove g gmert

Then g 9 g by Them 2

gmkgm by the inductive hypothesis

gmk
m

by Thin 2

gmk.tl
Thus by induction for any me Z and new g gmn



case firstexponent is positive second exponent is negative

Assume min Jo Then

got t gmp
1
by Thm

9mn by
g
mn

by Thm 1

gmtm
case both exponents are negative

Assume min 71

Note that for any he G and SEIN

Chs h h
Thm 1

Then g m n
g

m

g
1 m

9
1

1
gm by socks shoes property

5 g

9mn by
end of proof of Thm 3



warning Xy need not equal Kyk in a non abelian group

Cyclic groups see Sec 4 1

DI G group E G

x xK KEZ

If the group operation is additive write x Kx KEZ

Ex G Z 1 1S
5 5K KEZ 57

G 28 41 28 3

2 012,416

4 0143

G 440 1 13

3 133
7 1,7

9 1,93

Thm x is a subgroup of G

PE e x

2 If y Z E x then y Xm and z for some minez

Thus yz Mx Mtn so yz E x

3 If ye x then y Xm for some me

Then 5 Km 1 m

by Thm 1 above

so y E x

Thus x G



Thm x is the smallest subgroup of G containing

meaning if It G and EH then x H

Proof suppose EH for some subgroup H G

We need to show c It for all ke 2
k o e cH by requirement that It contains the identity

KEIN CH since It is closed under the

group operation
k 1 EH since It contains the inverse of each he H

KEZE1 x ̅ a at.jo H again by closure

Therefore x xe KEZ H

Def x is called the cyclic subgroup of G generated by

A group G is called a cyclic group if G x

for some E G and is called a generator of G

E Z is cyclic I is a generator
1 is also a generator

1 Z G 1

EI 212 is lyclic 1 is a generator
Other possible generators are 5,7 11

In fact every In is cyclic

EI UCS is not cyclic We saw x UC8 for all e U 8

From earlier 1 1 5 1,5
3 1,33 7 1173



Ex U 9 1,2 4,5 7,8 is cyclic U 5 1,213,4 from
today's quiz is also

2 is a generator 14 a generator
I 2 4 3

This is a Cayley graph for UC This is a Cayleygraph
for UCS

Fact Dif Any cyclic group x has Cayley graph
e it É
and

I e x2 if has infinite order

EI 24 41 0 i 3

EI Zn C1 0 tt t.tn 1

Ex 2 1 2 1 0 2 3

Remark

If 1 1 n x has a Cayley graph that is the same

as a Cayley graph of Zn so x is the same as In

If 1 1 0 x has a Cayley graph that is the same

as a Cayley graph of 2 so x is the same as I

Properties about In and I hold for any cyclic group



Every cyclic group is abelian

If 1 1 n EIN then e x x2 l

are distinct elements of G
no two powers in this list are equal

and I iff n i j

If 1 1 0 then for all kidez

if k I then a ad

If G x is a cyclic group w generator
then IG 1 1
Tecardinality of G

Corollary If G is a finite group
then 1 1 161 for all E G

1 1 G1 Iff G x

PI x is a subset of G and above

we wrote that the cardinality of x is 1 1

Ex Let R be Counterclockwise rotation by 90
Then R R R R Id is the same as 24

rot KEI
Ex Let R be Counterclockwise rotation by V2

Then R IR Rild R R R

because there are no kid such that k I L 360

and R is the same group as I



sigma lyclenotation

EI Let'r 1 2 65 3 4 be a permutation in 56

L
two row notation

126 5 12 6 5 6 257
Read from right to left

83 V28 16 25 1265 1562

84 Id

E
2 04 5

0 6

f
0

6

Then r 1265 16 25 1562 Id

r f 63 I the same group as Ic

EI Let 0 6126 45 9 in Sy
T 126 45 126 45 162

r
2
426452 145 Note 126 162

04 4 4 45 426

85 1267 126 45 162 45

56 1162 145 11261145 Id

Then a r f r v4 V5 id the same group as 26



Thm Every subgroup of a cyclic group is cyclic

Ex Subgroup lattice Id 1 65 16 257 15 2 o

24 1011,213

f id 167 25
2 0,2

07 103
id Id

Ex 26 1 2,314,5 i 37 257

9 2 0 2,4

0,3 433

03Note

2 4 is a cyclic group of order three so it is the same as

3 n two so it is the same as 22

Ex The subgroups of 2 are exactly nz for n o 1,2

Them Division algorithm

Let a b EZ w b 0 Then there exist unique integers q and r

such that a b q t r

where 0 r b



Proof that every subgroup of a cyclic group is cyclic

Let G x be a cyclic group w generator

Suppose It is a subgroup of G

Case 1 It is the trivial subgroup e

Then H e is cyclic

Case 2 It is non trivial

So It contains some elf g not the identity
Then g for some ne Z.to

Since a subgroup is closed under taking
inverses g x ̅ must also be in H

Since either in or n is positive
It must contain some positivepower of X

Let m be the smallest positive integer
such that X E H Such an m exists

by the Principle of well ordering



Claim
Proof of claim

Since It we know Xm H

of the subgroup generated by
the smallest subgroup of H ontaining

m

Next we will prove It Xm

Let he H Since H G x we have h xk for some K E Z

By the division algorithm there are q r EZ with o r am

such that k mqtr
Thus h x Matt by Thm 2

Multiply k 2x on the left by 2

59 K Xr
Thm 3

So K 9 K is in H

since he by assumption and H by

We said earlier that m is the smallest positive integer
such that EH

Since 0 Er Cm we must have r o

Thus K mg and h xk 9 m79 x

This proves H xm

the end of proof



They Let G be a group not necessarily cyclic
Let E G be of order n

If KEIN XK 9cd nik

and
dcnk

In particular
x x2 iff god n j 1

In Zn L1 j iff gcd n j 1

The order of an elf of a finite cyclic group
divides the order of the group

I let n be the order of
An est of x is of the form Xk

so its order is Ike

Ex 230 0,1 293 7 7 L 1 297

Order of 230 is 30

Elt 20 has order 3 130,207 3

Elt 4 has order 93 45 15



The for each positive divisor k of n

the set E is the unique subgroup of Zn oforder k

These are the only subgroups of Zn

EI Subgroup lattice for 230

10,214,54
order 15

5 0 5,10 15 20,25
order 6

6

19
3

15
10

0,15 5101203order 2
order 3

230 103
order 1


