

























































































Document last updated Fri Sep 13 2024

Abstract Algebra Notes
Week 2 Wed Sep 11 2024
Outline Break before 8 pm
Quiz I

If Blackboard doesn't say 100 of HW 01

you can make edit by Thurs let me know
Lecture

symmetry group symmetric group
groups from integers modulo n

Cayley table
New groups from old Direct product subgroup
Group activity problems for next week's HW quiz

Next week

HW 02 Due Tues

Quiz start of class

Mattress groups

rectangle f four transformations two
rotations of180

denotedV4 3 4 two flips reflections

Rotations 0 I T Isquare Eight transformations four flips reflectionsdenoteDg

Square w IT
spikes

2
Four rotations 0 3

denote 341




























































































Notation G group ge
G n E IN

Write go e

g a

Exception When the group operation is

we write ng 9tf.tl og e

ng EEEEf
Def The order of a group G denoted by G

Sec 3.2 is the number of elts of G

Def The order of an element of a group G

see4.1
denoted by 1 1 is the smallest positive
integer k such that K e

Ex V4 4 Dg 8

1 iff e

Rotation 180 2 Rotation 2 5

Reflection 2




























































































Symmetries see Sec 3.1 and 5.2

Def A symmetry or rigidmotion of a figure
in the plane R is a transformation f R R

that carries I onto and preserves distances

meaning distance between f p and ffg is

the same as the distance between p and q

If I is fixed the set of all rigid motions

together with composition is called the

symmetry groups of Symmetry I

Warning not the symmetric group




























































































Ex Symmetry group of a regular triangles

The labels are just to help us keep track

Six rigid motions symmetries
1 Identity
2 Counterclockwise rotation by R I Is
3 Counterclockwise rotation by RR 13

4 Negative slope mirror flip f I I

5 Positive slope mirror flip f2 I

6 Vertical mirror flip fs 123 341

Compositions of f and fa give us all other motions

4
init fiofz.fi init

fzofi.fr init

R init f2of init RR init fifa init

f2 If
is

initial state

This is a Cayley diagram for Ds using just f fz
An unoriented edge means double sided arrow since fieff id




























































































Def when I is a regular n gon
n 3

Symmetry I is called the dihedral groups Dn

Prot Dn has 2n elements rigid motions

n rotations 21,2 1 In 1 It 0

n flips
EI Above example is Ds

Each of the 6 bijections 1,2133 1 2,3

gives rise to a symmetry in Ds

Symmetric group on n letters Sec 5.1

Def A permutation of the set 1,2 in is

a bijection from 1,2 in onto itself

The set of permutations of 1,2 n is

denoted Sn

Thm The set Sn together with function
composition forms a group and Sn n

Proof Exercise

Notation Sn is called the symmetric groups on 1 in

Two row notation I 2 n

isign G ray real

One line notation f V11 V2 In




























































































Cycle notation write j f j 8 j K OCK RCR

St two row

2 4 1 3 6 57 one line

8 12 3 56
q

or 123 56 cycle notation

if Cj j we don't need to write j in lycle notation

A Cayley diagram for Ss using just 12 and 23

Compose right to left

433 43 3 5 1331
3 12

32 123 12 23 b 2

23 12 23 12

42 23 2 133

fr 1237 12 123
Id

Remark Dz and Ss are the same

In general Dn and Sn are different
because Dn 2n n Sn



Review equivalence relations partitions see Sec 1.2

Def A relation R on a set S is a subset of 5 5

Notation write Ry or Ey instead of x y ER

Ex a is a relation on any set

Here R x y x y

b is also a relation on any set

R x y x y

c is a relation on R Z Q also

R x y y

Def An equivalence relation on a set S is a relation such that

for all ig z E S we have

1 x x reflexive property
2 if x y then y x symmetric property
3 if x y and y z then z transitive property

Ex Which of these relations is an equivalence relation

A

b fails reflexive and transitive properties

c fails 2

d fails 1 and 2



Ex Let S differentiable functions f IR IR

Define an equivalence relation on S by
f g

if f g

Proof that satisfies properties

3 Suppose f x g x and g x h x

Then f'm g't and g'M him

From calculus we know that fixt g x C and g x h x D

for some instants C D

Then fix hk fix g ga h x

C D

So fix n'a f h m 0

Thus f x h't implying fix h I

Partitions

A partition P of a set S is a collection of nonempty subsets

X1 X2 X

such that eath ES is in exactly one of the subsets

EX The partition of students for last week's group quit



Ex some partitions of Z

a A partition into two sets

24 1 KEZ odds

2K KEZ evens

b A partition into three sets

34 1 KEZ

34 2 KEZ

X 3k KEZ

c A partition into infinitely many sets

03 1 13 2 21 2 Xi i i

Def Let be an equivalence relation on a set S and a e S

Define the equivalence class of a to be

a be S b a

Defining an equivalence relation on S is the same as

defining a partition on S

Im If is an equivalence relation on S

then the equivalence classes partition S

Conversely if P Xi ieI is a partition of S

then there is an equivalence relation on S

with equivalence classes Xi



Integers modulo n see Sec 3 1

Recall Def
Let me IN Integers a be 2 are congruentmodulon

b mod n ifor a is

longreyfy
that is b a nk for some KEZ

Notation a b mod n

This is an equivalence relation on 2

at b iff a b mod n iff a b

When n 2 there are two equivalence classes

2,0 2,4 0 4

and 1 1 3 5 1 57

When n 3 there are three equivalence classes

3 0 3,6 9 0 123

2 1 4 7 10 I 7

1,2 5 8 11 2 8

Def Let In be the set of all equivalence classes

integers mod n

Zn o I n 1 or 0,11 in 1 fit.IE clear

Alternative notation 2h Z nz will make sense in Ch 6



If Two binary operations on Zn

1 Addition modulo n a b a b

2 Multiplication modulo n a b ab

Remark Both are well defined meaning that the def

doesn't depend on your choice of representative of the class

That is we need to show that

if a a and b I then

I a b a b and

2 a b a b

To show these recall that

if a a mod n and b b mod n then proposition

I atb a't mod n

2 a b a b mod n

So if a a and b b then

I a b a b PÉ a b a b

2 a b a b PÉ a b a b



Prop Zn is an abelian group
I is associative

2 0 is the identity
3 The inverse of a is a

4 Addition modulo n is commutative

Thegroup 24 0111213 under can be described

in an operation table called Cayley table for group
0 1 23

3 3 0 1 2 main diagonal

Remark The Cayley table is symmetric across

the main diagonal This tells us 4 is abelian

Cayley graphs for 241 1 NOI a Cayley graph

if

I f f E
2 3

12



Back to the 2 light switch group
G

00 0011

Lf
e do nothing transformation

L Bu v

01110 0111011

Table for G

ERL B
e e R L B

Remark From the tables we see that 241 1 and G

have different structure for ex see main diagonal

So G is not the Klein 4 group



Prop Multiplication modulo n is an

associative binary operation w identity 1

EX peration table for 24 under is below

0 1 2 3
0000 find niet ie ie'smeaning

3 0 3 2 1

Remark Zn is not a group because

not all elts have inverses

Define UCM a E Zn a has an inverse under

to be the group of units of Zn

unitImean invertible elements

Prop U n is equal to a eZn a and n are relatively prime
Proof Textbook Prop 3.416

E Cayley table for U 9 1,3 under

1 3

is



From week 2 Practice Problems

Prop 3.21 Let a b be elts of a group G

1 The equation ax b has a unique solution in G

2 The equation a b has a unique solution in G

Prop 3.22 Let a b c be elts of a group
G

1 Right lancellation law ba ca implies b c

2 Left cancellation law ab ac implies b c

Remark The cancellation property tells us that

in a Cayley table for a group every group
elt occurs exactly once in each row and column



New groups from old
see Textbook Example 3.28

Direct product of groups G and H is

a new group w

set GxH gin gEG heh
Cartesian product

binary operation g h g b g g h h

Identity EG CH

Inverse of g h is g 1,5

Write the Cayley table for 22 23
0,0 10 1 0,2

1,0 C D 4,27

0101011112
10,0 10101 0,1 0,2 110 lil 112

0,1 0,11 0,2 0,0 1,1 1,2 11

012 10,2 0,0 10,1 1,2 4,0 lit

1101 401 Iii 112 0,0 0,1 012

111 2 401 1011 014 0101

112 112 1,0 Iii 0,2 0,0 0,1



Sec 3.3 Subgroups

Def G group

A subgroup of G is a subset H E G which is also a

group under the same binary operation

Notation H G means It is a subgroup of G
lleg

Some propositions for checking subgroups

Prop A subset H of G is a subgroup iff
all three conditions hold

1 The identity e of G is in H

2 If hi he Ett then h hz H

It is closed under the
group operation

3 If he H then h e H

Prop A subset H of G is a subgroup iff
all two conditions hold

1 It is not empty
2 If g h E H then gh EH



Ex Find all subgroups of G 22 23

G 0,0 10 1 0,2

1,0 C1 D 4,27

I
22 10 25 103

iez.co.nz


