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MATH 4210/5210 ALGEBRA HOMEWORK 03

(SOLUTIONS)

1. Proof assignment (6 pts)

Let G be a group, and let a, b ∈ G. Prove that |a| = |b−1ab|.

Proof. Proof (not assuming a has finite order): We first prove the statement for when a has a finite order.
Let n denote |a|. By definition (of the order of a group element), n is smallest positive integer such that

an = e.
First, we will show that |b−1ab| ≤ n:

(b−1ab)n = (b−1ab)(b−1ab) . . . (b−1ab)︸ ︷︷ ︸
n copies

= b−1 a . . . a︸ ︷︷ ︸
n copies

b

= b−1anb

= b−1eb since an = e

= b−1b

= e

We’ve shown that (b−1ab)n = e, so |b−1ab| ≤ n.

Next, we show |b−1ab| ≥ n:
Let k denote |b−1ab|. Then

e = (b−1ab)k = b−1akb.

Multiply on the left by b and on the right by b−1, we have

beb−1 = b(b−1akb)b−1

bb−1 = (bb−1)(ak)(bb−1)

e = ak

Since n is the smallest positive integer such that e = an, we can conclude that k ≥ n. Therefore |b−1ab| ≥ n.

We will now prove the statement for when a has an infinite order. Suppose a has infinite order, that is,
an ̸= e for all n ∈ N. For the sake of contradiction, suppose b−1ab has a finite order k. Then e = (b−1ab)k.
By the same argument as above, this implies e = ak, which contradicts the fact that a has infinite order.

□

2. Computation assignment (3 pts)

Consider the permutation a = (153)(47) in S100.

(a.) Compute the order of a.
Answer: |a| = 6 because a ̸= e and a2 = (135) ̸= e, a3 ̸= e, a4 ̸= e, a5 ̸= e, but a6 = e.

(b.) Let b = (19)(48)(57)(23). Compute the order of b.
Answer: |b| = 2 because b ̸= e but b2 = e

(c.) Without computing bab, compute the order of bab.
Answer: Since b2 = e, b is its own inverse, so bab = b−1ab, and so |bab| = |a| = 6.
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